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Discrete surface solitons in two dimensions
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We investigate fundamental localized modes in two-dimensional lattices with an edge (surface). The inter-
action with the edge expands the stability area for fundamental solitons, and induces a difference between
dipoles oriented perpendicular and parallel to the surface. On the contrary, lattice vortex solitons cannot exist
too close to the border. We also show, analytically and numerically, that the edge supports a species of localized
patterns, which exists too but is unstable in the uniform lattice, namely, a horseshoe-shaped soliton, whose
“skeleton” consists of three lattice sites. Unstable horseshoes transform themselves into a pair of ordinary

solitons.
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I. INTRODUCTION AND THE MODEL

Solitons on surfaces of fluids [1], solids [2], and plasmas
[3] have been the subject of many experimental and theoret-
ical studies for a long time. Recently, a implementation
of surface solitary waves was proposed [4] and experi-
mentally realized [5] in nonlinear optics, in the form of
discrete localized states formed at the edge of a semi-infinite
array of nonlinear waveguides. If the nonlinearity in the
semi-infinite array of the waveguides is self-defocusing,
the surface solitons demonstrate a staggered (sign-
alternating) shape, as shown experimentally and theoretically
in Ref. [6]. Very recently, it was demonstrated that hybrid
solitons at an interface between two lattices are possible
too, with a shape which is unstaggered on one side of the
interface, and staggered on the other [7]. Two-component
surface solitons were analyzed as well, in a model with the
nonlinear coupling between the components [8], and it was
predicted that solitons may be supported at an edge of a
discrete chain by a nonlinear impurity (i.e., assuming the
coefficient of the onsite cubic nonlinearity at the last site of
the chain different from that at other sites) [9]. Parallel to
that, surface solitons of the gap type were predicted [10] and
created in an experiment [11] at an edge of a waveguide
array built into in a self-defocusing continuous medium.
Very recently, experimental creation of discrete surface soli-
tons supported by the quadratic nonlinearity was reported as
well [12].

In the abovementioned cases, the solitons are one-
dimensional (1D) objects. Two-dimensional (2D) lattices
with an edge may be considered too. If the lattice is realized
as a 2D array (bundle) of optical waveguides, the edge cor-
responds to a surface running parallel to the waveguides that
form the lattice. In particular, in Ref. [13], a 2D medium was
considered, with saturable nonlinearity and an embedded
square lattice, an internal surface in the medium being intro-
duced by a jump of the refractive index; in this setting, stable
asymmetric vortex solitons crossing the interface were pre-

1539-3755/2007/75(5)/056605(8)

056605-1

PACS number(s): 05.45.Yv, 03.75.—b, 42.65.Tg

dicted, as a generalization of discrete vortices on 2D lattices
[14] and vortex solitons supported by optically induced lat-
tices in photorefractive media [15]. Solitons supported by a
nonlinear defect at the edge of a 2D lattice were considered
too [16].

The search for surface solitons in lattice settings is a natu-
ral direction of the research, as, in any experimental setup,
the lattice inevitably has an edge. In this paper, we report
results for discrete surface solitons in semi-infinite 2D lat-
tices. First, we consider the effect of the surface on funda-
mental lattice solitons, and two types of dipoles, oriented
perpendicular or parallel to the surface. Then, we introduce a
novel species of localized states, a horseshoe soliton, in the
form of an arc abutting upon the lattice’s edge. The exis-
tence, and especially the stability, of such a localized mode is
a nontrivial issue, as attempts to find a “horseshoe” in con-
tinuum media with imprinted lattices and an internal inter-
face (such as those considered in Ref. [13]) have produced
negative results [17]. We find that, in the semi-infinite dis-
crete medium, the horseshoes do exist near the lattice edge,
and possess a stability region. For comparison, we also con-
struct a family of localized patterns of the same type in the
uniform lattice [which, incidentally, is a kind of a stationary
localized solution of the 2D discrete nonlinear Schrodinger
(DNLS) equation, that has not been studied previously]. In
particular, we find that this family of solutions is always
unstable in the infinite uniform lattice (the one without an
edge), which stresses the nontrivial character of the surface-
abutting horseshoes, that may be made stable by the interac-
tion with the lattice edge.

The model of the abovementioned semi-infinite 2D array
of optical waveguides with a horizontal edge, whose plane is
parallel to the waveguides (which is a physically relevant
representation of 2D lattices bounded by a flat surface), is
based on the DNLS equation for amplitudes u,,,(z) of the
electromagnetic waves in the guiding cores, with z being the
propagation distance:
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for n=2 and any m, while C is the coupling constant; note
that the corresponding coupling length in the waveguide ar-
ray, c s usually on the order of a few millimeters, in
physical units. At the surface row, which corresponds to n
=1 in Eq. (1), the equation is modified by dropping the
fourth term in the combination of linear terms in Eq. (1) (cf.
the 1D model introduced in Refs. [5]), u,, (=0, as there are
no waveguides at n < 0. Note that, despite the presence of the
edge, Eq. (1) admits the usual Hamiltonian representation,
and conserves the total power (norm), P=3"__S**|u, |%.

There is another physical realization of the same model.
Indeed, DNLS equation (1) describes, in the mean-field ap-
proximation, the dynamics of a Bose-Einstein condensate
(BEC) trapped in a strong 2D optical lattice [18] (the latter is
a periodic potential induced by the interference of counter-
propagating pairs of coherent laser beams illuminating the
condensate). In such a case, u,,, is the condensate wave
function, and C is the rate of tunneling between adjacent
wells in the optical lattice. Notice that a sharp edge in BEC
can be created by a repelling (blue-detuned) light sheet.

Stationary solutions to Eq. (1) will be looked for as u,,,
—e’kzvm »» Where the wave number k may be scaled to 1, once
the coupling coefficient C is kept as an arbitrary parameter.
The above stationary solution obeys the equation

f(vm,mljm,mc) = (1

+ vm—l,n - 4U

2
- |vm,n| )vm,n - C(vm,n+1 + vm,n—l + vm+1,n
ma) =0, (2)

with the same modification as above at n=1 (the overbar will
be used to denote complex conjugation). Notice that the so-
lution also satisfies the complex conjugate equation

f(vm,n ) Em,n ’ C) =0.

The rest of the paper is organized as follows. In Sec. II,
we report results obtained by means of an analytical approxi-
mation for the shape and stability of dipoles and “horse-
shoes,” valid for a weakly coupled lattice (small C), which is
followed by presentation of corresponding numerical results.
In Sec. III we briefly consider the interaction of vortices with
the lattice’s edge. Finally, our findings are summarized in
Sec. IV.

II. FUNDAMENTAL SOLITONS, DIPOLES,
AND HORSESHOES

A. Analytical approach

Analytical results can be obtained for small C, starting
from the anticontinuum (AC) limit C=0 (see Ref. [19], and
references therein). In this case, solutions to Eq. (2) are con-
structed using the expansion

o0
_ k., (k)
U = >C Upnn-
=0

In the ac limit proper, the seed solution v(o), is zero except at

a few excited sites, which determine the configuration. While
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a great variety of seed solutions may be formally constructed
at C=0, a nontrivial issue is to identify solutions that can be
continued to finite values of C, an even more important ques-
tion being which ones among them are stable. As concerns
the experimental realization, the necessary set of sites can be
easily excited selectively, by focusing the input laser beam(s)
on them, as shown, for instance, in experimental studies of
interactions between discrete solitons in waveguide arrays
[20].

We will present analytical results for the following con-
figurations, which are selected as ones bearing a minimum
necessary number of excited sites in the ac limit: (A) a fun-
damental surface soliton, seeded by a single excited site

E)O)—l (B) surface dipoles, oriented perpendicular (B1) or
parallel (B2) to the edge, each seeded at two sites

{Uf)oi’voz} {-L1} Of{vopv(loi} =11}, (3)

and (C) the horseshoe-shaped three-site-seeded structure
{vl l’vg)%’v(ol) }= {ei01’1$ei00’2’ei071'1}’ (4)

with 6, =0, 6y,=m, 6_; ;=27. As concerns stable dipole
states on the infinite lattice, they were predicted in Ref. [21],
and later observed experimentally in a photonic lattice in-
duced in a photorefractive crystal [22]. All the above seed
configurations are real; in particular, the horseshoe may, in
principle, be regarded as a truncated quadrupole, which is a
real solution too [23].

At small C>0, it is straightforward to continue the sta-
tionary solutions at the first order in C. Then, one has to
address the issue of stability which in this work we examine
at the level of linear stability analysis.

The linearization operator for the two difference equations

f@pn>Upn»C) and f(vm,n, Upnn» C) reads
H (1 _2|Un,m|2 _Uﬁ,m )
B N A ) U

10

= C(s410+ 5210+ 0,41 +So,-1)<0 1>, (5)
where S, /Uy =Upin’ mem- Then, according to the theory of
Ref. [19], the solvability condition (allowing us to continue a
solution valid for C=0 to nonzero values of the coupling)
necessitates that the projection of the eigenvectors of the
kernel of He‘ to the Eq. (2) and its conjugate is null. The
theory developed in Ref. [19] directly links this bifurcation
condition, to be called g j( t9j) for each excited site j of the
configuration, to the linear stability problem. In particular,
computing the Jacobian matrix pertaining to these bifurca-
tion conditions (M); ;= dg;/ d6,, one can immediately com-
pute the leading-order behavior of eigenvalues of the linear-
ization according to the explicit formula

A=12Cp, (6)

where u denotes the eigenvalues of the matrix M (we note
in passing that if the excited sites are more than one site
apart, then the order of the power of C in the above expres-
310n needs to be accordingly modified to higher powers of
\C see for details Ref. [19] and as an example the second
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order construction of the horseshoe configuration below).
Therefore, the analytical results obtained below have been
constructed by first extracting g;, then computing the Jaco-
bian M, subsequently finding its eigenvalues u, and finally
using Eq. (6) to find the leading order behavior of the linear
stability eigenvalues N\ of the original problem. Because the
present system is a Hamiltonian one, the stability condition
Re(N\)=0 must hold for all A (if A is an eigenvalue, so are
also =\, \* and —\*, hence only purely imaginary \ does not
imply instability).

For the dipole and horseshoe configurations, which were
denoted above as (B1), (B2), and (C), respectively, the cal-
culations result in the following bifurcation functions:

g(lB) = sin(01 - 02),

8(2B) =sin(6, - 6,),

where ¢, represents 6 ; and 6, denotes 6, , for configuration
B1 and 6, ; for B2, and

g(lc) =2 sin(01 - 03) +2 Sin(01 - 02),
©) _ 2 si _ ; _
g =2sin(6, — 0)) + sin(6, — 63),

ggc) =2 Sin(03 - 01) + sin(03 - 92),

with 01 = 00’2, 022 0_1’1, and 032 01,1.
The bifurcation equations above give the following Jaco-
bian stability matrices:

-1 1
M(B)=C(l l)+0(c2),

-4 2 2
MO=c 2 -1 -1[+0(C}
2 -1 -1

[the matrices for (B1) and (B2) coincide at this order]. From
here, we obtain stable eigenvalues, at the lowest nontrivial
order:

)\(IB) — 0’ )\(ZB) = =+ 2\!'/Ei + 0(C)7 (7)
and

AO=0, \O=0(?),

MO = +243¢i +0(C?). (8)

For both the dipoles and horseshoe, one eigenvalue is exactly
zero, corresponding to the Goldstone mode generated by the
phase invariance of the underlying DNLS equation. It is
shown below that eigenvalue )\(2C), which is different from
zero at order C2, plays a critical role in determining the sta-
bility of the horseshoe structure.

B. Numerical results

To examine the existence and stability of the localized
configurations numerically, we start with the fundamental
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onsite soliton at the surface (A) [we did not apply the ana-
Iytical method to this solution, as its actual destabilization
mechanism is different (and requires a different analysis)
from that for the dipoles and horseshoes; in particular, the
critical eigenvalues bifurcate not from zero, but from the
edge of continuous spectrum, see below]. Basic results for
this state are displayed in Fig. 1. At C=0, there is a zero
eigenvalue pair due to the phase invariance. For small C
>0, this is the only eigenvalue located near the origin of the
spectral plane [Re(\),Im(\)]. As C increases, one encoun-
ters a critical value of the coupling constant, at which an
additional (but still marginally stable) eigenvalue bifurcates
from the edge of the continuous spectrum. The continuous
spectrum of linear excitations, given by the known disper-
sion relation N ==i{A+C[4-2 cos(k,)—2 cos(k,)]} for linear
waves with wave numbers (k,,k,), covers the interval
+i[ A, A+4C] (alias the phonon band) [24]. Upon further in-
crease of C, the bifurcating eigenvalue hits the origin of the
spectral plane, thus giving birth to an unstable real eigen-
value pair, with Re(\) #0, see panel (c) in Fig. 1. The cor-
responding instability occurs at C>1.41 (the results reported
here have been obtained for the lattice of size 10X 10, but it
has been verified that a similar situation persists for larger
lattices, up to the maximum size that was used in the com-
putations, 25 X 25). For comparison, Fig. 1 also displays, by
a dashed-dotted line, the critical unstable eigenvalue for a
fundamental soliton on the uniform lattice (in other words,
for a soliton sitting far from the lattice’s edge), which dem-
onstrates that the interaction with the edge leads to a con-
spicuous expansion of the stability interval of the fundamen-
tal soliton. This result may be understood, as the instability
of the fundamental soliton emerges as one approaches the
continuum limit; 2D solitons in the continuum NLS equation
are well known to be unstable due to the possibility of the
collapse or dispersion in that case. On the other hand, a dis-
crete fundamental soliton located near the surface interacts
with fewer neighboring sites, hence it approaches the con-
tinuum limit slower, in comparison with its counterpart in the
infinite lattice, and will become unstable for larger values of
C; however, in any case the fundamental soliton eventually
becomes unstable against quasicollapse (see e.g., Ref. [25],
and references therein) or dispersion. By the term “quasicol-
lapse,” we mean the lattice analog of the collapse develop-
ment in the continuum: given the conservation of power P,
in a lattice setting it is not possible to have divergence of the
amplitude max,,(|u,(r)[)—, as the amplitude is bounded,
according to max,,(|u,(t)|) < P. Hence, the closest analog to
collapse that a dynamical lattice can exhibit is the concentra-
tion of nearly all of its power at a single site, which is the
extreme manifestation of the quasicollapse.

Development of the instability of the fundamental surface
soliton (in the case when it is unstable) was examined in
direct simulations of Eq. (1). As seen in panel (d) of Fig. I,
in this case the soliton moves away from the lattice’s edge,
expanding into an apparently disordered state (lattice radia-
tion). This outcome of the instability development is under-
standable, as, at these values of the parameters, no stable
localized state exists, neither near the surface nor in the bulk
of the lattice (where the fundamental soliton is still more
unstable).
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FIG. 1. (Color online) Dynamical features of the family of fun-
damental lattice-surface solitons: (a) norm P and (b) the real part of
the critical stability eigenvalue, versus the lattice coupling constant
C. For comparison, the dashed-dotted lines show respective quan-
tities for the fundamental soliton in the infinite lattice. The instabil-
ity is due to an eigenvalue pair bifurcating from the edge of the
phonon band, that eventually hits the origin of the spectral plane
and thus becomes real. (c) Linear-stability spectrum of the funda-
mental soliton for C=1.43. (d) Snapshots of its evolution (contour
plots of |um,n|2), slightly above the instability threshold
(at C=1.43).
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Next, in Fig. 2 we present numerical results for the verti-
cal and horizontal dipoles (B1) and (B2) seeded as per Eq.
(3). Recall that, at C=0, the spectrum of the eigenmodes
found by means of the perturbative approach around the di-
pole, see Eq. (7), contains two pairs of zero eigenvalues, one
of which becomes finite (remaining stable, i.e., imaginary) at
C>0. Our numerical findings, displayed in Fig. 2, reveal
that, in compliance with the analytical results, the dipoles of
both types give rise to virtually identical finite eigenvalues
[hence only one eigenvalue line is actually seen in panel (d)
of Fig. 2]. As shown in panel (e), both dipoles lose their
stability simultaneously, at C~=0.15. Continuing the compu-
tations past this point, we conclude that the (unstable) verti-
cal and horizontal dipoles become different when C attains
values ~1. The unstable vertical configuration (B1) disap-
pears through a saddle-node bifurcation at C=2.17, while its
horizontal counterpart (B2) persists through this point. Fur-
thermore, there is a critical value of C at which an eigen-
value bifurcates from the edge of the continuous spectrum.
Eventually, this eigenvalue crosses the origin of the spectral
plane, giving rise to an additional unstable eigenvalue pair,
with Re(\) #0. The value of C at which this secondary in-
stability sets in for (B1), C=~1.55, is essentially smaller than
for (B2), which is C=2.61.

Nonlinear evolution of unstable dipoles was examined in
direct simulations as well. As seen in the example shown [for
the configuration (B1)] in panels (f) of Fig. 2, the instability
typically transforms them into fundamental solitons.

Proceeding to the lattice-soliton species (C), i.e., the
horseshoe, we note that, because it is seeded at three sites in
the ac limit, there are three pairs of zero eigenvalues at C
=0. Above, it was shown analytically that one pair of these
eigenvalues becomes finite at order O(C) (being imaginary),
and another at O(C?). These analytical results are continued
by means of numerical computations, as shown in Fig. 3. It
was found that the first pair remains stable (imaginary) until
it collides with the edge of the continuous spectrum, which
happens at C~=0.25 [see panels (d) and (e) of Fig. 3]. As
mentioned above, the second eigenvalue pair, bifurcating
from zero at order O(C?), is critical to the stability of the
horseshoe at finite C. Numerical results show that this pair
bifurcates into a stable one, hence, as shown in Fig. 3, the
horseshoe remains stable up to the abovementioned value
C=0.25, at which the first pair suffers a bifurcation into
an unstable one, due to the collision with the continuous
band.

To understand the stabilizing effect of the surface on the
horseshoes, it is relevant to compare them to their counter-
parts that may be found in the infinite lattice. Indeed, again
starting with the ac seed taken as per Eq. (4) but far from the
lattice’s edge, we have created stationary structures similar to
the horseshoe. By themselves, they present a family of local-
ized solutions to the DNLS equation in 2D. However, this
entire family turns out to be unstable (unlike the ordinary
quadrupoles that may be stable in the infinite lattice [23]),
through the following mechanism: the O(C?) eigenvalue
pair, bifurcating from zero at C=0, immediately becomes
real in this case, see the corresponding parabolic dashed-
dotted line in panel (e) of Fig. 3. Thus, the presence of the
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FIG. 2. (Color online) (a) Ex-
amples of vertical (B1) and hori-
zontal (B2) dipoles for C=1. The
norms of these solutions are de-
picted, versus the lattice coupling
constant C in panel (b); panel (c)
shows the spectrum of the stabil-
ity eigenvalues for C=0.2. The
imaginary and real parts of the
critical stability eigenvalues are
shown, as functions of C, in pan-
els (d) and (e), respectively. The
vertical dipole (B1) disappears via
a saddle-node bifurcation at C
~2.17. Panel (d) depicts the ei-
genvalue bifurcating from zero at
C=0, the dashed line being the
analytical  approximation  de-
scribed in the text, i.e., [Im(\)]?
=4C. Panel (e) shows the onset of
instability of the (B1) (solid lines)
and (B2) (dashed lines) dipoles, as
found from numerical computa-
tions. Panels (f) show the nonlin-
ear evolution of an unstable verti-
cal dipole at C=0.2.

lattice edge is a crucial condition for the stability of the found deeper inside the lattice. In physical units, the propa-
horseshoe patterns. gation distances in the simulations of the instability evolu-

Panels (f) of Fig. 3 exemplify the evolution of the horse- tion presented here are on the order of a few cm, which is
shoe when it is unstable. We observe that it splits into a pair certainly accessible to the current experiments (see, e.g.,

of fundamental solitons, one trapped at the surface and one  Refs. [26,20]).
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FIG. 3. (Color online) The
same as Fig. 2 for the “horseshoe”
configuration, seeded at C=0 as
per Eq. (4) (i.e., as a truncated
quadrupole). (a) Example of the
pattern. The solid curves in panels
(d) and (e) display the imaginary
and real parts of critical stability
eigenvalues [the dashed line in (d)
presents the analytical approxima-
tion for the imaginary part, see
text]. For comparison, the dash-
dotted lines in (e) show the same
characteristics for a family of
horseshoe solitons created in the
uniform lattice (without the edge).
It is seen that the latter family is
completely unstable, while the
horseshoe trapped at the edge of
the lattice has a well-defined sta-
bility region. Panels (c) and (f)
present, respectively, the linear in-
stability spectrum of the horse-
shoe at C=0.26, and its (numeri-
cally simulated) evolution due to
the instability.

-3-1 1 3 5 -3-11 3 5
III. EFFECTS OF THE LATTICE SURFACE esting example, we consider the so-called supersymmetric
ON THE EXISTENCE OF VORTICES lattice vortex [19] attached to the edge, i.e., one with the

In spite of the stabilization effects reported above, the ~ VOrticity ($=1) equal to the size of the square which seeds
lattice edge may also act in a different way, impeding the  the vortex at C=0 (in the uniform lattice) through the fol-
existence of localized solutions of other types. As an inter-  lowing set of four excited sites, cf. Eq. (4):
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FIG. 4. (Color online) The supersymmetric vortex cell seeded as
per Eq. (10). Panels (a) and (b) show, respectively, the real and
imaginary parts of the solution, and panel (c) shows the (in)stability
spectrum of small perturbations around it for C=0.4. Panels (d) and
(e) display imaginary and real parts of the stability eigenvalues
versus C. The solid and dashed lines show numerical and analytical
results for small C. For comparison, dashed-dotted lines depict the
same numerically found characteristics for a supersymmetric vortex
on the infinite lattice.

{UBO%’U(IO%’U(IO%>U(()O%} {elﬁo’l?eigl’l’ei(}ll’eiﬁ()’z}’ (9)

with 6y ,=0, 6, ,=m/2, 6, =1, and 6,,=37/2 (unlike the
above configurations, this one is complex). While supersym-
metric vortices exist in uniform lattices (including aniso-
tropic ones), and have their stability regions [19,27], our nu-
merical analysis has shown that the localized state seeded as
per Eq. (9) in the model with the edge cannot be continued to
C>0. In fact, we have found that, to create such a state at
finite C, we need to seed it, at least, two sites away from the
edge, i.e., as

{vf)og,vl 3,v1 4,004} {e'%3, %13 ¢i%14 ¢i%4)  (10)

which is an accordingly translated version of Eq. (9). Nu-
merically found stability eigenvalues for this structure are
presented in Fig. 4, along with the analytical approximation,
which was elaborated, for small C, by means of the same
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method as above. In all, there are four pairs of analytically
predicted eigenvalues near the spectral-plane origin (given
the four initially seeded sites of the configuration). More
specifically, these are N\=0 (which corresponds to the Gold-
stone mode associated with the phase 1nvar1ance) A==x2iC
(a double eigenvalue pair), and A=%32C% (a higher-order
pair). As seen in the figure, the distance from the boundary
equal to two lattice periods is sufficient to make the behavior
of the supersymmetric lattice vortex sufficiently close to that
in the infinite lattice, rendering the structure stable.

IV. CONCLUSION

This work demonstrates that properties of localized
modes in the 2D lattice with an edge may be drastically
different from well-known features in the uniform lattice. In
particular, the edge expands the stability region of the fun-
damental solitons, and induces stability differences between
dipoles oriented perpendicular and parallel to the lattice’s
border. On the other hand, an opposite trend was demon-
strated regarding the existence of supersymmetric vortices,
which cannot be created too close to the border. Most essen-
tially, the edge stabilizes a new species of discrete solitons,
the “horseshoe,” which is unstable in the uniform lattice. The
stabilizing effect exerted by the edge on the fundamental
solitons, horizontal dipoles, and horseshoes suggests new
possibilities for experiments in 2D arrays of nonlinear opti-
cal waveguides, as well as in BECs trapped in a deep 2D
optical lattice. In particular, a straightforward estimate shows
that the longest dimensionless propagation distance z=<400
(for which the simulations were run, to demonstrate the
evolution of unstable modes in full detail and highlight their
distinction from the stable ones), corresponds to a waveguide
length =<4 cm, which is quite possible in the current
experiments [20,26].

Natural issues for further consideration are horseshoes of
a larger size (the present work was dealing with the most
compact ones), and counterparts of such localized modes in
3D lattices near the edge—possibly, in the form of “bells”
abutting on the surface. In the 3D lattice, one can also con-
sider solitons in the form of vortex rings or cubes [28] set
parallel to the border. In this connection, it is relevant to note
that the 3D version of the DNLS equation does not apply to
the guided-wave propagation in optics, but it can be realized
in terms of BEC loaded in a strong 3D optical lattice (see,
e.g., Ref. [28], and references therein).
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