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We consider the interaction of Bose-Einstein condensates in a nonlinear lattice formed from the
local minima of an externally imposed periodic potential. Within a one-dimensional geometry, we
develop a perturbation expansion for the motion of a condensate within the confines of the local
minima of its potential well, coupled to the near-neighbor interaction with the adjacent condensates.
We show that the resultant system of lattice differential equations possesses spatially localized
breathing solutions.

I. INTRODUCTION

More than three quarters of a century ago, Bose
and Einstein predicted that a gas at very low temper-
atures and densities turns into a Bose-Einstein conden-
sate that can be described by what is called now Bose-
Einstein statistics [1, 2]. In a Bose-Einstein condensate
(BEC), all the atoms share the same quantum state.
This novel state of matter, which exists at temperatures
only a few billionths of a degree above absolute zero,
was first achieved experimentally in the mid-1990’s, see
Refs. [3, 4]. Recent advances in cooling techniques have
triggered a vast experimental and theoretical investiga-
tion of the novel dynamics of BECs [5].

A mean field approach, which neglects three body col-
lisions, allows for the macroscopic description of the BEC
through the Gross-Pitaevskii (GP) equation [5–7]
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where ϕ = ϕ(~r, t) is the condensate wave function and
|ϕ(~r, t)|2 physically represents the density distribution of
atoms in the condensate. The inter-atomic interactions
are described by an effective coupling constant [5, 8]

g0 =
4π~

2a

m

where a is the scattering length and m the atomic mass
of the atoms inside the BEC. The scattering length a
is negative (positive) for attractive (repulsive) atomic
species [5]. In this work we deal with attractive species
(a < 0) that support bright soliton structures in the
one-dimensional setup [5]. The total external potential
Vext(~r) is comprised of a confining magnetic potential
Vconf in which the BEC is grown and a manipulating po-
tential, Vper, which is typically periodic with a period
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much smaller than the spatial scale of the confining po-
tential,

Vext(~r) = Vconf(~r) + Vper(~r).

Of particular interest is the dynamics of BECs which are
localized within a periodic potential generated by counter
propagating laser beams [9–14]. The superposition of a
number of interference patterns with the appropriate spa-
tial periodicity permits the construction of a wide vari-
ety of periodic potentials. Indeed, novel techniques for
manipulating the condensates, including micro-magnetic
guides [15] and the growth of condensate on a grated sur-
face, chips or lithograpically imprinted surface [16–19],
open up a host of possible applications.

In this paper we consider a cigar-shaped condensate
with two strongly confined transverse directions (arising
from the confining magnetic potential) for which the dy-
namics along the principle axis of the cigar-shape can be
accurately described by the one-dimensional GP equa-
tion [5, 8, 20–22, 24–26]:

iut +
1

2
uxx + |u|2u = V (x)u, (2)

where u = u(x, t), the subscripts denote partial deriva-
tives, and the physical quantities (time, space, BEC den-
sity, potential) have been nondimensionalized [5, 22].
As a further simplification the confining potential is ne-
glected and the potential is taken to be completely peri-
odic. The actual form of the local minima is not essential
to the analysis, the square of the Jacobi elliptic sine func-
tion

V (x) = V0 sn2(x; k), (3)

is taken since the local wells are well approximated by
tanh functions as k → 1, where k is the elliptic modulus.

The main aim of the present work is to find localized
oscillations (breathers) [23] supported in chains of couple
bright solitons (slightly pinned to their respective minima
of the periodic potential) and some of their properties.
Specifically, the manuscript is organized as follow. In
Sec. II we describe the the oscillations of single (uncou-
pled) bright solitons inside the potential minima of the
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perioc external potential using a conservation approach
and its improvement via pertubation theory. We also
briefly study the weak radiation loss of this oscillatory
process. In Sec. III we analyzed the soliton-soliton inter-
actions wtihout the presence of the external pontential
and obtain a reduced differential equation on the soli-
ton’s position described by a real Toda lattice. Sec. IV is
devoted to validate the lattice differential equation that is
obtained by combining the soliton-potential and soliton-
soliton interactions. In Sec. V we construct localized
oscillations supported by the soliton chain and analyze
some of its properties such as robustness, mobility and
collisions. Finally, in Sec. VI we conclude with a brief
overview of our approach and the possible extensions and
applications.

FIG. 1: A single conglomerate of condensate oscillating inside
the potential V (x) (4). The potential strength is V0 = 0.1 and
the initial velocity of the soliton is v0 = 0.1.

II. SOLITON OSCILLATIONS

The first step to decribe the coupled dynamics of the
soliton train inside the periodic potential is to describe
the interaction of a single soliton with the respective local
minimum of the potential. For small perturbations, each
(uncoupled) soliton performs oscillations about their re-
spective local potential minimum (see Fig. 1). We charac-
terise below this behavior with two different approaches:
a) using the conservation of mass and energy (Sec. IIA)
and b) employing a perturbation approach (Sec. II B).

A. Conservation approach

In order to find approximate equations for the oscilla-
tory movement we use an appropriate ansatz approach
together with the mass and energy conservation as in
Ref. [27]. The GP equation (2) with V0 = 0 is completely
integrable and posseses an infinite number of conserved
quantities. Nevertheless, for V0 6= 0, it still admits the
total mass N (number of atoms in the condensate) and

energy E [see Eqs. (A1)] to be conserved under the evo-
lution of Eq. (2).

Let us consider the case of a single soliton inside a
single potential through. This corresponds to the limit
k → ∞ that yields a potential

V (x) = V0 tanh2(x), (4)

whose steady state solution (i.e., when the soliton is cen-
tered at the bottom of the potenital) is given by [28]

u0(x, t) = H sech(x)e−i(1/2−V0)t. (5)

Let us now allow for the amplitude H(t), width ν(t) and
position ξ(t) of the soliton to be time dependent param-
eters:

u(x, t) = H(t) sech (2ν(x− ξ(t))) e−i(1/2−V0)t. (6)

Then, using the conservation of mass and energy
(dN/dt = 0 = dE/dt) and approximating the overlap-
ping integral between the soliton and the potential (see
Appendix A for details) yields the follwoing Newtonian
equation of motion for the center of the solitons:

ξ̈ = −V ′
eff1(ξ) (7)

with an effective potential

Veff1(ξ) ≈ 2νV0

[

4

15
ξ2 − 4

63
ξ4

]

, (8)

where the width ν = 1/2 corresponds to a resting soliton.
We now compare the oscillation frequency from the ef-

fective potential (8) against the numerically computed re-
sults obtained from directly integrating the GP equation
(2). Imposing a relation between initial pulse velocity,
v0, and well amplitude, V0, assures that the dynamics be-
long in the appropriate small-amplitude regime. Figure
2 shows the behavior for the oscillation frequency for an
initial soliton velocity of v0 = V0/5. The frequency of os-
cillation obtained by the energy approach (green dashed
line) does not coincide exactly with the numerical results
(red circles), except in the case when V0 → 0 (see inset
in the figure).

B. Perturbative analysis

In order to improve upon the above conservative ap-
proach we now employ a perturbative analysis to more
accurately describe the oscillatory behavior of a single
hump of Bose-Einstein condensate inside a single well of
the form (4). We rewrite the exact stationary (static
soliton centered at the minima of the well) solution (5)
as

u0(x, t) = R0(x) e
−iω0t, (9)

where

R0(x) =
√

1 − V0 S(x), (10)
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FIG. 2: (Color online). Frequency of the oscillating soliton ω
as a function of potential strength V0. The numerical experi-
ments for V0 = 0.1 and v0 = V0/5 for the full NLS simulation
are depicted with circles. The frequency obtained using Veff1

(8) by the energy approach is depicted with the green dashed
line, while the blue solid line corresponds to Veff2 (13) ob-
tained from the perturbative approach.

with S(x) = sech(x) and ω0 = 1
2 − V0. To describe the

deformation of the soliton solution as it oscillates, and
more accurately capture the true period of the oscillation
we consider a general perturbation to the stationary state
(9) of the form

u(x, t) = R(x− ξ) eiρ(x−ξ,t), (11)

where

R(s) = R0(s) + V0 ψ(s, V0)

ρ(s, t) = v s+ ω t.
(12)

Here ψ (the shape correction) is a real function, v and ξ,
respectively the velocity and position, are time dependent
scalars, and ω is the frequency.

After expanding phase, position and shape correction
on the small parameter V0, solving to second order in V0

and keeping terms up to third order in ξ (see Appendix
B for details) yields the following form for the effective
potential

Veff2(ξ) ≈ V0

[(

4

15
− 112

1125
V0

)

ξ2 − 4

63
ξ4

]

. (13)

This new effective potential (13) gives a much better ap-
proximation to the oscillation frequency (cf. blue solid
curve in Fig. 2) over a large span of potential amplitudes
V0 (relative error of less than 2% over the range of veloc-
ities considered).

C. Radiation of a single BEC hump

We show via numerical simulation that radiation loss
is indeed present but that the rate of dissipation is very

small (compared to typical oscillation times). The radi-
ation loss damps the oscillation amplitude for the soli-
ton parameters. The radiated energy is absorbed by the
boundary conditions. These damping boundary condi-
tions are achieved by multiplying the solution by 1+δ(x)
at every time step, where δ(x) is a smooth function such
that δ ≪ 1 near the boundaries and δ = 0 inside the do-
main. Figure 3 depicts the envelopes for the oscillation of
H, c and ξ over 20 000 time units (equivalent to approx-
imately 700 periods in ξ and 1400 periods in H and c).
This picture clearly reveals a decay on the amplitude of
oscillation due to the radiation loss. The total decay in
amplitude over 20 000 time units is approximately 35%.
The total decay may seem to be high. However, care-
ful inspection of the envelopes depicted in Fig. 3 reveals
that the decay is approximately equal to 12% for the last
half of the run and 5% for the last quarter. This is due
to the fact that as the amplitudes of oscillation of H, c
and ξ decrease, the soliton resembles the exact station-
ary solution (which is free of radiation). Therefore, if one
wants to obtain steady (or quasi-steady) oscillatory be-
havior it is necessary to choose configurations with small
deviations from the exact solutions.
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FIG. 3: Damping due to radiation loss. The envelopes for
the oscillations in H, c and ξ are depicted over a period t ∈
[0, 20 000]. The strength of the trapping potential is V0 = 0.1
and the initial soliton’s velocity is v0 = 0.1.

III. SOLITON-SOLITON INTERACTION

A. The complex Toda lattice

We now turn our attention to the soliton-soliton inter-
action for the case of zero potential V0 = 0. This case
corresponds to the interaction of solitons in an optical
fiber which as received a great deal of attention (see [29–
34] and references therein). In this section we give a brief
overview of results obtained to reduce the soliton-soliton
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interaction to a system of coupled ordinary differential
equations (ODEs). The basic idea is based on perturba-
tion techniques using inverse scattering theory [35].

Let us consider the NLS (2) with V0 = 0 and let us
suppose we start with an initial condition built from the
superposition of single solitons of the form

uj(x, t) = 2νjsech(zj(x, t))e
iφj(x,t), (14)

where the index j refers to the jth soliton and with






























zj(x, t) = 2νj(x− ξj(t)),

φj(x, t) =
vj

νj
zj(x, t) + δj(t),

ξj(t) = 2vjt+ ξj(0),

δj(t) = 2(v2
j + ν2

j )t+ δj(0).

(15)

where vj , νj , ξj and δj are the respective velocities, am-
plitudes, positions and phases of the jth soliton.

When several solitons are introduced non-trivial inter-
actions occur and their superposition

∑

j uj(x, t) is no
longer a solution of the NLS. Nonetheless, Karpman and
Solov’ev obtained an approximation, based upon the in-
verse scattering transform, for the behavior of two inter-
acting solitons given by a system of ODEs on the soliton
parameters [29]. This was later generalized for a train
of solitons by Gerdjikov [31, 32]. Their approximation is
based upon the ansatz (14) and allowing the 4 parameters
for each soliton: vj , νj , ξj and δj (velocity, amplitude,
position and phase) to vary with time. In the particular
case that the velocities and amplitudes are small pertur-
bations of a common value, v and ν, and the pulses are
well separated,

|vj − v| ≪ ν,

|νj − ν| ≪ |ξj − ξn|−1 ≪ ν,
(16)

where j 6= n. Within this regime the parameter evolution
is follows the system,

ν̇j = 16ν2(S̃j,j−1 − S̃j,j+1),

v̇j = −16ν2(C̃j,j−1 − C̃j,j+1),

ξ̇j = 2vj

δ̇j = 2(v2
j + ν2

j )

(17)

where

S̃j,n = e−|2ν(ξj−ξn)|ν sin sjnφ̃jn,

C̃j,n = e−|2ν(ξj−ξn)|ν cos φ̃jn,

φ̃jn = δj − δn − 2v(ξj − ξn),

sj,j−1 = 1 = −sj,j+1.

(18)

In fact this system may be reduced to a complex Toda
lattice under a simple change of variables [37].

B. The real Toda lattice

We adapt the system above to our lattice problem by
making the following additional reductions.

(a) The oscillations are localized and we take the aver-

age velocity v to be zero.

(b) With v = 0, the parameter set for which all am-
plitudes are equal, νj = ν, and the phase dif-
ference between consecutive pulses alternates sign,
δj−δj±1 = ±δ, for all j ∈ Z and some δ, is invariant
under the flow given by Eqs. (18). We restrict our
attention to this set, and take δ = π since this value
of an alternating phase shift provides stability, see
[34].

With these restrictions, and setting c ≡ 2ν, the equa-
tion for the pulse positions uncouples and leads to a real
Toda lattice, [37],

ξ̈j = 8c3
(

e−c(ξj−ξj−1) − e−c(ξj+1−ξj)
)

, (19)

for all j ∈ Z.

IV. THE LATTICE DIFFERENTIAL EQUATION

We combine the pulse-potential and pulse train in-
teractions derived in sections II B and III into a model
for the dynamics of coupled Bose-Einstein condensates
trapped within the periodic potential V (x) as depicted
in Fig. 4. In the k → 1 regime of well-spaced potential
minima, the periodic potential V can be approximated
by a sum of single hump potentials,

V (x) = V0 sn2(x; k) ≃ 1 +
∑

j∈Z

(

Ṽj(x) − 1
)

,

where

Ṽj(x) = V0 tanh2(x− ξ0;j), (20)

and the centers of the potentials ξ0;j are given by

ξ0;j = 2j K(k) = jΛ,

where K(k) is the complete elliptic integral of the first
kind that prescribes the period Λ = 2K(k) of the poten-
tial.

As an ansatz for our solution, we place a perturbed
pulse in each well of the potential,

ū(x) =
∑

j∈Z

(−1)ju(x− ξj), (21)

where u(x, t) is given as in Eq. (11) and ξj lies within
K(k)/2 of the corresponding minima ξ0;j . For the poten-
tial (3), when all ξj = ξ0;j , the ansatz given in Eq. (21)
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FIG. 4: (Color online) A train of Bose-Einstein condensates
(red solid line) at rest on the periodic potential V (x) (blue
dashed line).

is an approximation (for k close to 1) to the exact sta-
tionary solution

u(x) =
√

k2 − V0 cn(x; k) ei(
1
2
−k2+V0), (22)

where cn(x; k) denotes the Jacobi elliptic cosine. It is im-
portant to mention that we are taking a chain of pulses
that have alternating signs (i.e., with a relative π phase
shift) since the corresponding cn solution (see solid line
in Fig. 5) is known to be stable while the chain of equal
phase pulse, corresponding to the dn solution (see dashed
line in Fig. 5), is unstable [28]. Keeping only the interac-
tions between nearest neighbor pulses and between each
pulse and its on-site potential, we have the coupled Lat-
tice differential equation (LDE)

ξ̈j = 8c3
(

e−c(ξj−ξj−1) − e−c(ξj+1−ξj)
)

− V ′
eff2(ξj − ξ0,j),

(23)
for the pulse positions.
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FIG. 5: (Color online) Exact solutions for the GP equation
with the periodic potential given in Eq. (3). The blue solid
line depicts the cn(x; k) that corresponds to a stable chain of
pulses with alternating phases. The red dashed line depicts
the dn(x; k) solution corresponding to an unstable chain of
same phase pulses. The elliptic modulus k is taken near one
(k = 0.999 636 205 4) such that the spacing between pulses is
Λ = 2K(k) = 10.

We validate the approximations given in the previous
section by comparing the dynamics of the full GP equa-
tion (2) with the LDE approximations (17) and (23). In
Fig. 6 we compare the GP equation dynamics to the LDE
(23), both with and without pinning potential, for a sys-
tem of four pulses in adjacent potentials. Each pulse is

given a different initial velocity. The agreement is quan-
titatively quite good, even over 10 periods of oscillation
for the pinned pulses. In Fig. 7 we compare the complex
Toda lattice (17) with the LDE (23) without potential.
The figure shows a discrepancy of less than 10−3 over 500
seconds. These results support the approximations that
led to the real Toda lattice, corroborating the reduction
of the full GP dynamics (2) to the LDE for the pulse po-
sitions when all the pulses are quasi-identical, with large
separations and small velocities.
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FIG. 6: (Color online) Comparison between the dynamics
for interacting solitons in the full PDE (blue dashed lines)
and the LDE (23) (red solid lines). The picture depicts the
evolution of the relative positions for a chain of 4 identical
solitons initially equispaced (Λ = |ξ0,j − ξ0,j+1| = 10) with
small, random, initial velocities. a) Trapless case (V0 = 0)
and b) weak trapping case (V0 = 0.1).
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FIG. 7: Comparison between the dynamics for interacting
solitons in the complex Toda lattice (17) with the onsite ef-
fective potential Veff2 (13) and the LDE (23). The panels
depict the discrepancy between both models using the same
parameters as in Fig. 6.

V. LOCALIZED BREATHERS

We search for spatially localized, oscillatory solutions
for GP equation within the LDE reduction (23). We
decompose each pulse location into its Fourier modes,
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proposing the general ansatz

ξj(t) =

+∞
∑

k=−∞

Aj(k) exp(ikωt), (24)

where Aj(k) = A∗
j (−k) (asterisk denoting complex con-

jugation), and since pulse j is centered at ξ0,j the k = 0
coefficient in Eq. (24) satisfies Aj(0) = ξ0,j . The general
approach of substituting ansatz (24) into the governing
lattice equation has been tried in the literature, [38–40],
and in principle it is possible to find a relationship for the
Aj(k)’s. The LDE considered here, Eq. (23), is strongly
nonlinear and an exact recurrence relation is difficult to
come by. To further reduce the complexity of the model
we consider only the first nontrivial mode

ξj(t) = ξ0,j +Aj cos(ωt) (25)

corresponding to an ansatz where all the solitons oscil-
late with the same frequency ω and an amplitude to be
determined. By substituting Eq. (25) in Eq. (23) one ob-
tains —after Taylor expanding, matching coefficients and
keeping first order terms— the following recurrence re-
lation between the oscillating amplitudes of consecutive
condensates

Ak+1 = (a+ bA2
k)Ak −Ak−1, (26)

with
{

a = 2 − ω2 + 4αW 2
0

b = 3βW 2
0

where

W 2
0 ≡ 1

16

ecΛ

c4
,

Λ is the periodicity of the potential (Λ = |ξ0,j+1 − ξ0,j |)
and α and β are the harmonic and non-harmonic parts
of the expansion for the effective potential

V ′
eff(ξ) = αξ + βξ3, (27)

as obtained in Eq. (13). It is important to stress that the
specific form of the local confining potential is not cru-
cial for the construction of the localized breathes we are
interested in. In fact, for the remainder of this section
we keep the effective potential as given by its expansion
(27). The effective potential coefficients α and β need to
be obtained for a specific potential by means of a per-
turbative approach (as in Sec. II B) or any other suitable
technique.

The second order recurrence relation (26) may be cast
as a first order system of recurrence equations by defining
yk = Ak and xk = Ak−1,

{

xk+1 = yk

yk+1 = (a+ b y2
k) yk − xk

(28)

For given α and β we search for frequencies ω for which
the two-dimensional (2D) map (28) possesses localized
solutions for which (xk, yk) decay as k → ±∞.

A localized solution for the condensates corresponds
to an orbit such that |Ak| → 0 as k → ±∞ and such
that at least one |Aj | is order one for some j. Such a
solution corresponds to a homoclinic orbit connecting the
trivial rest state with itself. In terms of the 2D map (28),
the desired orbit is a homoclinic connection of the origin
(x, y) = (0, 0), which is an fixed point of the 2D map. The
trivial orbit, given by Ak = 0 for all k, reflects the state
with the condensates at rest, i.e., the exact stationary
solution (22).

The existence of a homoclinic connection for the origin,
requires that the origin be a hyperbolic point, with stable
and unstable manifolds. The linearization of the 2D map
around the origin yields the following eigenvalues

λ± =
a±

√
a2 − 4

2
. (29)

The origin is hyperbolic if one of λ± has modulus greater
than 1, and one less than 1, which occurs when |a| > 2,
or equivalently

∣

∣2 + (Ω2 − ω2)
∣

∣ > 2, (30)

where

Ω2 = 4αW 2
0 . (31)

A typical plot of the stable and unstable manifolds
of the origin for the 2D map (28) is depicted in Fig. 8.
In Fig. 9 we depict the homoclinic orbit generated by
the homoclinic tangle corresponding to the distribution
of amplitudes Ak to produce a localized breather in the
LDE (23).

VI. CONCLUSIONS

APPENDIX A: CONSERVATION APPROACH

In this appendix we obtain the Newtonian equation of
motion that approximates the motion of a single soliton
inside a single potential using the conserved quantities of
the NLS (2). The conserved quantities of the NLS (2)
correspond to total mass and energy:

N =

∫ +∞

−∞

|u|2 dx

E =

∫ +∞

−∞

[

1

2
|ux|2 −

1

2
|u|4 + |u|2V (x)

]

dx.

(A1)
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(28) has the coefficients a = 2.693..., b = −104.888... and the
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Eq. (29).

Inserting the ansatz (6) into Eqs. (A1) and imposing con-
servation of mass and energy (dN/dt = 0 = dE/dt) yields

N =
H2

ν
(A2)

E =
2H2ν

3
+
H2ξ̇2

2ν
− H4

3ν
+H2V0h(2ν, ξ).

where we define the overlapping integral

h(2ν, ξ) =

∫ +∞

−∞

sech2(2ν(x− ξ)) tanh2(x) dx (A3)

Let us now suppose that the variation on the soliton’s
amplitude and width can be neglected. In fact, as it is
shown later, the variations on amplitude and width are
very small for small values of V0. Taking that into con-
sideration and by differentiating the energy with respect
to time we obtain

dE

dt
=
H2ξ̇ξ̈

ν
+H2V0ξ̇hξ(2ν, ξ) = 0,

and hence,

ξ̈ = −V ′
eff1(ξ) = −1

2
cV0hξ(c, ξ), (A4)

where from now on we also use c = 2ν as the width of the
soliton. Equation (A4) can be considered as the move-
ment of a particle inside a potential well with effective
potential Veff1(ξ). It is important to stress that equation
(A4) is an approximation since the ansatz (6) cannot re-
flect the true dynamics of an oscillating soliton inside a
nonlinear potential.

A close form for the effective potential, defined through
the integral (A3), cannot be found. Nevertheless, the in-
tegral (A3) can be approximated using Taylor expansions
around ν = 1/2 (c = 1) and ξ ≪ 1:

h(c, ξ) = h(1, ξ) + (c− 1)hc(1, ξ)

+
(c− 1)2

2
hcc(1, ξ) +O(c3).

(A5)

The above expression involves integrals of the form

∫ +∞

−∞

xn tanh2(x) sech2p(x− ξ) tanhq(x− ξ)dx,

for n = 0, 1, 2, p = 1, 2 and q = 0, 1. After evaluating
these integrals we obtain the following approximation for
the deriavtive of the overlapping integral

hξ(c, ξ) ≈ 8

15

[

(1 − b) c2 + (−1 + 2 b) c− b+ 2
]

ξ

−16

63

(

19 c− 8 c2 − 9
)

ξ3 (A6)

where b = 15π2/63. As it may be noticed, the effective
potential is an even function of ξ reflecting the left-right
symmetry of the problem.

Considering again that the variations on amplitude
and width of the soliton can be neglected for sufficiently
small V0, the derivative of the effective potential takes
the simple form

V ′
eff1(ξ) ≈ cV0

[

8

15
ξ − 16

63
ξ3

]

, (A7)

which yields the effective potential (8).
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APPENDIX B: PERTURBATIVE ANALYSIS

In this appendix we give the details for obtaining a
more accurate representation of the effective potential
for the bright soliton oscillations inside a single potential
well.

Let us start with the perturbed ansatz (11)-(12) and

rescale time as τ =
√
V0 t we now use ˙(·) to denote the

derivative with respect to the rescaled time τ . Introduc-
ing the sliding spatial variable, y = x − ξ, inserting the
ansatz (11) into the GP equation (2), and equating real
and imaginary terms yields,

v(t) = ξ̇(t)
√

V0, (B1)

and, for the real part

−V0(yξ̈ − ξ̇2)R− ωr +
1

2
(Ryy − V0ξ̇

2R) = V R. (B2)

Taking the potential amplitude, V0, as a small parame-
ter, we expand the phase, position and shape correction,

ω = ω0 + V 2
0 ω2 + · · · = 1

2 − V0 + V 2
0 ω2 + · · · ,

ξ = ξ0 + V0 ξ1 + · · · ,

ψ = ψ0 + V0 ψ1 + · · · ,

and insert Eqs. (12) and (10) into Eq. (B2) to obtain the
following equations,

O(V0) : Lψ0 = f1(y),

O(V 2
0 ) : Lψ1 = f2(y),

(B3)

where the first order is zero since we perturbed about an
exact solution. The differential operator L is defined by

Lv = vyy + (6S2 − 1)v,

and

f1(y) =
[

2 y ξ̈0 − ξ20 + 2(T̃ 2 − T 2)
]

S,

and

f2(y) = 6(S2ψ0 − ψ2
0S) + 2

(

T̃ 2 − 1 + y ξ̈0 − 1
2 ξ̇

2
0

)

ψ0

+
(

1
2 ξ̇

2
0 + T 2 − T̃ 2 + 2ω2 + y(2ξ̈1 − ξ̈0) − 2 ξ̇0ξ̇1

)

S

(B4)

where, for simplicity, we defined T = tanh(y) and T̃ =
tanh(y + ξ).

The formal kernel of L is comprised of two linearly in-
dependent functions, H1(y), which decays exponentially
at |y| → ∞ and H2 which grows at infinity. The localized
function, H1, takes the form

H1(y) = S(y)T (y),

while the unbounded element, H2, of the kernel of L is
found by reduction of order,

H2 = −H1

∫

1

H2
1

= −S T
∫

1

S2 T 2

= −1

2

(

1

S
+ 3 y S T − 3S

)

.

The solvability condition for the O(1) equation from
Eq. (B3), requires (f1,H1)2 = 0, where (·, ·)2 denotes the
L2 inner product. However (yS,H1)2 = 1 while even-odd
symmetry implies that (S,H1)2 = (T 2S,H1)2 = 0, so the
solvability condition reduces to,

ξ̈0 = −(T̃ 2S,H1)2. (B5)

At first order in V0, the this reduces to

ξ̈0 = −k0(ξ0) (B6)

where

k0(ξ) = 8

(

(2ξ − 3) e4ξ + 8 ξ e2ξ + 2 ξ + 3
)

e2ξ

(eξ − 1)
4
(eξ + 1)

4

≃ 8

15
ξ − 16

63
ξ3 +

16

225
ξ5 + o(ξ7).

This ODE corresponds to the motion of a particle inside
the effective potential:

V
(1)
eff2(ξ) = −

∫

k0(ξ) dξ

= −8
e2ξ

(

ξ e2ξ − e2ξ + 1 + ξ
)

(

e2ξ − 1
)3 .

The full expression for the leading order dynamics,
Eq. (B5), can be integrated to yield a closed form re-

lation between ξ̇ and ξ. Indeed,

1

2

d

dτ

(

ξ̇20

)

= ξ̇0ξ̈0 = −ξ̇0
∫

T 2(y + ξ0)S
2(y)T (y) dy

= −
∫

ξ̇0 T
2(y + ξ0)S

2(y)T (y) dy.

However,

d

dτ
(IT (y + ξ0)) = ξ̇0 T

2(y + ξ0),

for IT (z) =
∫

T 2(z) dz = z − T (z) and therefore,

1

2

d

dτ

(

ξ̇20

)

= − d

dτ

∫

IT (y + ξ0)S
2(y)T (y) dy.

Evaluating the integral yields

ξ̇0 = ±
√

−2Ξ(ξ0) +
2

3
+ ξ̇20(0), (B7)
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where

Ξ(ξ) =

∫

IT (y + ξ)S2(y)T (y) dy

=
e6ξ − (8 ξ − 5) e4ξ − (8 ξ + 5) e2ξ − 1

(eξ − 1)
3
(eξ + 1)

3

To compute the perturbations to the pulse shape dur-
ing the oscillation, and the higher order correction to the
pulse motion, we must first solve the O(V0) equation from
Eq. (B3). By variation of parameters we have the general
solution

ψ0 = −H2 I1 +H1 I2 + c1H1 + c2H2, (B8)

where

Ij =

∫

Hj f1
W (H2,H1)

,

and the Wronskian W (H2,H1) = H ′
2H1 − H2H

′
1 = 1.

To have ψ0 ∈ L2(R) requires c2 = 0 while to remove
degeneracy in the pulse position we impose the condition

(ψ0(y),H1(y)) = 0, (B9)

which determines c1,

c1 =
3

2
(H2 I1 −H1 I2,H1). (B10)

In Fig. 10 we depict a typical shape of the correction to
the wave function obtained with the above perturbation
analysis.

−10 −5 0 5 10

−0.01

0

0.01

0.02

x

u(x)−R
0
(x−ξ)

V
0
 ψ

0
(x−ξ)

FIG. 10: (Color online). Typical example of the shape correc-
tion on the oscillating soliton. The solid line represents the
numerical solution to the full NLS (2) minus the unperturbed
ansatz R0(x− ξ) (10). The dynamics for the condensate cor-
responds to a soliton initially placed at the bottom a potential
with strength V0 = 0.1 with an initial velocity of v0 = 0.1.
The snapshot for the wave function is taken at the maximum
displacement where ξ(t) ≃ 0.42. The dashed line represents
the first order correction to the shape: V0 ψ0(x− ξ, V0) given
by Eq. (B8).

The next order correction to the pulse dynamics follows
from the solvability condition for the O(V 2

0 ) equation in
Eq. (B3), which may be written as

ξ̈1 = −k1(ξ0), (B11)

where using Eqs. (B5) and (B9) yields

k1(ξ0) = (T̃ 2ψ0,H1) + ξ̈0(yψ0,H1)− 3(ψ2
0S − ψ0S

2,H1).
(B12)

In the limit of small amplitude oscillations this takes the
form

k1(ξ0) = − 224

1125
ξ0 +

(

1

36
π2 +

7

18

)

ξ̈0 ξ
2
0 +O(ξ30). (B13)

Combining Eqs. (B6) and (B11) yields an explicit equa-
tion for the oscillatory motion of the condensate within
the potential V (x),

ξ̈ = −V ′
eff2(ξ) = −V0 k0(ξ) − V 2

0 k1(ξ) +O(V 3
0 ),

which has the following explicit form in the small ampli-
tude limit,

V ′
eff2(ξ) = V0

[(

8

15
− 224

1125
V0

)

ξ − 16

63
ξ3

]

+O
(

V 3
0 ξ, ξ

4
)

.

yielding the effective potential (13).
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[43] V. Pérez-Garćıa, H. Michinel, J.I. Cirac, M. Lewenstein
and P. Zoller. Phys. Rev. A, 56, 2 (1997) 1424–1432.
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