PHYSICAL REVIEW A 71, 023614(2005

Statics, dynamics, and manipulations of bright matter-wave solitons in optical lattices
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Motivated by the recent experimental achievements in the work with Bose-Einstein condéB&aigs we
consider bright matter-wave solitons, in the presence of a parabolic magnetic trap and a spatially periodic
optical lattice(OL), in the attractive BEC. We examine pinned states of the soliton and their stability by means
of perturbation theory. The analytical predictions are found to be in good agreement with numerical simula-
tions. We then explore possibilities to use a time-modulated OL as a means of stopping and trapping a moving
soliton, and of transferring an initially stationary soliton to a prescribed position by a moving OL. We also
study the emission of radiation from the soliton moving across the combined magnetic trap and OL. We find
that the soliton moves freelwithout radiation across a weak lattice, but suffers strong loss in deeper OLs.
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I. INTRODUCTION external potentia) and classical[19] and quantum[13]
) ) ) superfluid-insulator transitions. A large amount of theoretical

The recent progress in experimental and theoretical studyork has been already done for nonlinear MWs trapped in
ies of Bose-Einstein condensat®ECs [1] has led to an | g (see Refs[20,21] for recent reviews
increase of interest in matter-wauW) solitons. One- The objective of this work is to systematically study the
d|men3|on'al(1D) dgrk[Z] aqd brlght[3] solitons have been siatics and dynamics of one-dimensioriaD) bright MW
observed in experiments with repulsive and attractive BECsqqitons confined in the combination of the parabolic mag-
respectively. Very recently, bright solitons of the gap type.petic trap(MT) and OL. Additionally, we examine the pos-
predicted in repulsive condensafed, have been created in gjyjlity to control the motion of the soliton by means of a
the experimenfs]. Theoretical predictions concerning a pos- time-depender®L potential(the latter is available in experi-
sibility of the existence of stable multi-dimensional solitonsmentsl In particular, we will show that, in the case when the
supported by a ful[4,6] or low-dimensional7] optical lat- | period is comparable to the characteristic spatial width of
tice (OL) have also been reported. The OL is created as g soliton, it is possible tda) snare and immobilize an
standing-wave interference pattern between mutually COheBriginally moving soliton in a local potential well, by adia-
ent laser beamg3-13). _ _ batically switching the OL on, an¢b) grasp and drag an

The study of the MW solitons, apart from being a funda-jnitia|ly stationary soliton by a slowly moving OL, delivering
mentally interesting topic, may have important applications;; 1o 5 desired location. Note that bright MW solitons may
Ir_l p_artlcular, a soliton may be transferred and mampulateglravd long distances in the real experiment, up to several
similarly to what ha_s been recently demons_trated, eXperimillimeters [3], and are truly robust objects, being them-
mentally and theoretically, for BECs in magnetic waveguidesse|yes coherent condensates. Thus, the manipulation of
[14] and atom chip$15]. More generally, the similarity be-  pright Mw solitons is a very relevant issue for the physics of
tween bosonic MWs and light waves suggests that numeroysgcs.
results known for optical solitor{d6], along with the possi- - The paper is organized as follows. In Sec. II, we introduce
bility of manipulation of atomic statehy means of resonant e model and present analytical results. In Sec. Ill, we nu-
electromagnetic waves govering transitions between differmerically investigate static and dynamical properties of the
ent statel may have an impact on the rapidly evolving field sojitons, and study possibilities to manipulate them as out-

of quantum atom opticésee, e.g., Ref17]). _ ~lined above. The results of the work are summarized in
A context where the dynamics of MW solitons is particu- ge¢ v

larly interesting is that of BECs trapped in a periodic poten-

tial induced by the above-mentioned OLs. The possibility to

control the OL has led to the realization of many interesting Il. THE MODEL AND ITS ANALYTICAL
phenomena, including Bloch oscillatiori40,18, Landau- CONSIDERATION

Zener tunnelind 8] (in the presence of an additional linear The Gross-Pitaevskii equatidGPB, which governs the

evolution of the single-atom wave function in the mean-field
approximation, takes its fundamental form in the 3D case. A
*URL: http://nlds.sdsu.edu/ number of works analyze its reduction to an effective 1D
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equation in the case of strongly elongated cigar-shaped BEGgponding to the external potentid), acting on the station-
[22-24. In particular, the derivation in Ref23] assumed ary soliton(3), can be easily evaluated:

that the potential energy is much larger than the transverse

kinetic energy. A general conclusion is that the effective Viit(Xo) = 702 = mVgk cos(2kxo)csc)’(k—w>. (5)
equation reduces to the straightforward 1D version of the 7

GPE. In the normalized form, it reag20] Notice that, depending on values of the parameters, this po-

(1) tential may have a single extremum x=0, or multiple
ones.

whereu(x,t) is the 1D mean-field wave functigialthough a The stability of the s_oliton resting at a sta_tionary position

different version of the 1D GPE, with a nonpolynomial non- ¢an also be analyzed in terms of the effective potertdal

linearity, is known tod24]). The combination of the MT and the position is stable if it corresponds to a potential mini-

iU =- %uxx+ g|u|2u +V(x)u,

OL potential corresponds to mum. This well-known result can be rigorously derived us-
ing the theory of Refl29] and reformulated in Ref30] (see
V(x) = 302 + Vg sirf(kx). (2)  also Refs[31,32)). In particular, the curvature of the poten-

) ) _ ) _ tial at the stationary position determines the key linearization
In Eq. (1), x is measured in units of the fluid healing length eigenvalue\, which may cause an instability, bifurcating
§=h/\nogipm, where no is the peak density and through the origin of the corresponding spectral plétés
910 =0sp/ (27%) is the effective 1D interaction strength, ob- feature is revealed by the heurisfiz6] and rigorous[30]
tained upon integrating the 3D interaction strengthanalysis. The eigenvalue is easily found to be
gsp=4mh?a/min the transverse directior(s is the scatter-
ing length,m is the atomic mass, and =\A/mw, is the N == VAV g(%), (6)
transverse harr_nonlc oscillator Iength,_ with, be_lng the confirming that minima and maxima of the effective poten-
transverse-confinement frequencydditionally, t is mea- tial (4) give rise, respectively, to stabfa?< 0) and unstable
sured in units of/c (wherec=1nyg;p/m is the Bogoliubov (A\2>0) equilibria.
speed of sound the atomic density is rescaled by the peak \y\ie note in passingthis will be important in what fol-
densityn,, and energy is measured in units of the chemicalgyys) that the minima of the effective potentiéd) differ
potential of the systemy=g;pno. Accordingly, the dimen-  from the minima of the external potentisi(x) trapping the
sionless parametel =fiw,/gipNg (wy is the confining fre- o1 e For instance, fop=12, V,=0.25, and=0.1, the
guency in the axial directigndetermines the magnetic trap first three minima ofV(x) (apart from the one at=0) are
strength,V is the OL strength, whilk is the wave number 1o at the pointx=3.0789,6.1587,9.2356, while the
of the OL; the latter can be contrplled by varying the angle ..o of V. are found aix0:3.10166,6.10247,9j0089.
be_tween the counter-propagatlng laser beams, so that We now turn to numerical results, aiming to examine the
N=2m/K=(Nasef 2)Sin(0/2) [25]. Finally, g=x1 is the validity of the theoretical predictions, as well as to perform

renormalized nonlinear coefficient, which is positiega- 4y hamical experiments using the OL to guide the soliton
tive) for a repulsive(attractive condensate. As we are inter- motion.

ested in the ordinary bright MW solitons, which exist in the
case of attraction, we will fig=-1.
Without the external potential(Q=V,=0), Eg. (1) sup- IIl. NUMERICAL RESULTS
ports bright soliton solutions of the form . :
A. Stability of the solitons
us(x = o) = 7 sectin(x - xo) lexpl3i 7t), (3 We begin the numerical part by examining the steady-
state soliton solutions and their stability in the context of

i ter. Movi it b ted f h Eqg. (1). Such solutions are sought for in the form
ItS center. Moving solitons can be generated from the Zeroil(x,t):exr(i/\t)w(x), which results in the stationary equa-
velocity one by a Galilean boost. tion

In the presence of the external potential, the first issue is
to identify stationary positions for the soliton. This issue can AW = (1/2)yy + WE = V(X)W. (7)
be addressed, using an effective potential for the soliton’s

central coordinatésee, e.g., Ref§26,27)), which is defined To examine the linear stability of the solitons, we take a
by the integral ' ’ Y perturbed solution as

wherez is the soliton’s amplitude, andg, is the coordinate of

u(x) = éMw + a(x)e e + b(x) e 1}, (8)

wheree and w are an infinitesimal amplitude aridenerally
speaking, complexeigenfrequency of the perturbation, and
Stationary positions of the soliton correspond to local exdinearize Eq.(1).

trema of the effective potentié). This well-known heuris- Equations(1) and (2), with g=-1 and arbitrary coeffi-
tic result can be rigorously substantiated by means of theientsV,, (), andk, possess a scaling invariance, which al-
Lyapunov-Schmidt theory applied to the underlying nonlin-lows us to fixA =1 (hencen=12). It should be noted that, in
ear Schrodinger equatid28]. The effective potential corre- the absence of the M{{2=0), the soliton’s frequency should

Vest(Xo) = f V(X)|ug(x = Xo)|?dX. (4)
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FIG. 1. For each of the three sets of the pictures, the left panel shows the continuation of the soliton branch to vaug?é)s aeahich
it disappeardfor soliton solutions trapped at different wellsThe right panel shows the solution at the initial and final points of the
continuation(and the corresponding potentigl$he left panels show the norm of the soliton solutiproportional to the number of atoms
in the condensajeP=[Z|u(x)|?dx, and its squared widthV=P~1[**x?|u(x)|?dx, as a function of the OL strengW,. The top set of panels
pertains to the zeroth-well solutidthe soliton pinned in the central potential wethe solution in the right panel is shown by the solid line
for Vy=0.25, and by the dash-dotted line fé§=0. The corresponding potential is shown by the dotted lin&/f§sr0.25, and by the dashed
line for Vy=0. Similarly, in the middle set, the solid lifand the dashed one for the potentiebrresponds t&/,=0.25, and the dashed-
dotted line, together with the dotted one for the potential, correspond+®.06 for the first-well solutionnotice that this branch
terminates aV¥,~0.045. Finally, in the bottom set of the panels, the solid liaed the dashed one for the potentiadjain corresponds to
Vp=0.25, while the dashed-dotted lit@nd the dotted one for the potenjiabrresponds t&;=0.15 for the third-well solutiorithis branch
terminates awy~0.1425.

be chosen so that it belongs to a bandgap in the spectrum tfap with w,=27X25 Hz andw, =70w,. Then, for a 1D
the linearized Eq(1) with the periodic potential2), to avoid  peak densityn,=10° m™%, the parametef) in Eq. (2) as-
resonance with linear Bloch waves. However, the MT potensumes the valu€ =0.1, while the time and space units cor-
tial with finite () makes this condition irrelevant. In prin- respond to 0.3 ms and 1.Gdn, respectively. These units
ciple, it might be interesting to investigate how the increasaemain valid for other values d®, as one may varw, and
of Q) from zero gradually lifts the condition of the resonancechangew, accordingly; in this case, other quantities, such as
avoidance, but this more formal issue is left beyond theN, also change.
scope of the present work. Figure 1 summarizes our numerical findings for the sta-
To estimate actual physical quantities corresponding tdility problem. As expected, theroth-wel) solution for the
the above normalized values of the parameters, we considersaliton pinned ak,=0 exists and it is stable for all values of
cigar-shapedLi condensate containintl=10® atoms in a the potential’s parameters. We have typically chosen to fix
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FIG. 2. (Color onling An example of snaring the originally moving soliton using the optical lattice. The left panel shows the motion of
the soliton’s center of mass. The dashed line shows the situation without tkiguDin the presence of the magnetic frapwe turn on the
OL potential, as the soliton arrives at the turning point of its trajectory, it gets captured by the secondary minimum of the full potential,
created in a vicinity of this point. The right panel shows the same, but through the space-time contour plots of the locajuderisity,

0=0.1 andk=1 (i.e., \=27) and varyV,; however, it has parabolic potential decouples from the internal excitations
been checked that the results presented below adequatélis result can also be obtained using the variational ap-
represent the phenomenology for other valueg(ofk) as  proximation[34] and, more generally, is one of the results
well. obtained from the moment equations for the condensate in
The next(first-well) solution, corresponding to the poten- the parabolic potentidi35].
tial minimum closest to=0, exists for values of the MT A new issue is whether one can capture the soliton per-
strengthV, smaller than a critical onvg”). Within the accu-  forming such oscillations by turning on the OL. Focusing, as
racy of 0.0025, we have found its numerical value to bepreviously, on the most relevant case when the width of the
V| .m=0.045, in very good agreement with the predictionsoliton is comparable to the OL wavelength, we display an
following from the analytical approximatiot) for the ef- ~ €xample of the capture in Fig. 2. The dashed and solid lines
fective potential, which shows that the corresponding potenshow, respectively, the harmonic oscillations in the absence
tial minimum disappears, merging with a maximum, atof the OL, and a numerical experiment, where, at the mo-
V((fr)|ana|*0-048- The corresponding pinned-soliton solution™Ment when the soliton arrives at the turning pofittis x

is indeed stable prior to its disappearance, in agreement with37 for this case, i.e., the third potential minimynwe

the analytical prediction based on H@). abruptly turn on the OL, so that
Similarly, the subsequerisecond-wel}l solution, associ- 1 1 t—t
ated with the next potential minimuif it exists), is found V(x,t) = 592x2+ Evo{l + tan)‘(—o)}sinz(kx). 9
T

to disappear (for the same parametgrsat Vg")|num

=0.1+0.0025, while the analytical approximatith) yields  Here t, and = are constants controlling, respectively, the
Vécr)lanaFO.llZ- Finally, a similar result was obtained for switch-on time and duration of the process; in the simula-

the third-well solution: Vf)”)|num:0.142510.0025, and tions, we uset;=31.7 and7=0.1. We clearly observe that,
Vgcr)|ana,~0.176. contrary to the large-amplitude oscillations of the soliton tak-

It is quite natural that the discrepancy between the theoing place when the OL is absent, the soliton is now fully

retical and the numerical results increases for the higher-wettaptured(for very long timeg by the potential minimum

solutions, given that the numerically exact profile of thenewly generated by the optical trap.

pinned soliton gets more distorted under the action of the Instead of being a means to snare for moving soliton, the
MT. Notice, for example, the difference in the amplitude OL may also be used as a means of moving the soliton in a

between the soliton in the top panel and in the one in therescribed way, i.e., as a “robotic arm” depositing the soliton

bottom panel in Fig. 1, which clearly illustrates this effect. at a desired locatiofsee, e.g.[36]). This possibility is dem-
onstratedwith varying levels of succegsn Fig. 3. The top

two sets of figures are obtained for a strong Mg=0.25,

while the bottom two pertain to a weaker OL potenfialth

Having addressed the existence and stability of the soliVp=0.17). In all the cases the potential used is

tons, we now proceed to study their possible dynamical ma- ,

nipulation by means of the OL. First, we examine the possi- V(X) = 202 + Vy sir{k{x - y() 1}, (10)
bility to trap a soliton using the secondary minima in the OL\here the position of the OL is translated according to
potential. In particular, it is well known that, in the absence

of the OL, the soliton in the magnetic trap, when displaced 1 t—tg

from the centerx,=0, executes harmonic oscillations with y(t) = Xinj + E(Xﬂn = Xini)| 1 +tan /I 11

the frequency(, as a consequence of the Ehrenfest theorem

(alias the Kohn'’s theorerf83], which states that the motion Herex;,; andx;, are, respectively, the initial and fingarge}

of the center of mass of a cloud of particles trapped in gositions of the soliton. In the case under consideration,

B. Soliton dynamics and manipulations

023614-4
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FIG. 3. (Color online The panels have the same meaning as in Fig. 2, but now for the case of a moving OL. The left panel shows the
motion of the soliton’s center of mass by the solid line and the motion of the OL’s center by the dashed line. The pitentid) is
sketched by the dash-dotted line to illustrate the structure and location of the potential wells. The right panel again shows the space-time
contour plot of{u(x,t)|>. The top set of the panels is generated wih50 and7=5 in Eq.(9). The second set pertains tg=100 andr
=10 (both haveVy=0.25. The situation for a shallower well, wittf;=0.17, is shown in the third and fourth panels. In all caggs;0 and

Xfin = 3.

Xni=0 and x;,=3, i.e., the aim is to transport the MW ter is not sufficiently slow to adiabatically transport the soli-
soliton from the central well to the third one, on the right of ton to its final position. In particular, the soliton gets trapped
in the second well, without being able to reach its destina-
we observe what happens if the motion of the potential cention. However, we observe that this difficulty can be over-

the center. In the top set of the panels wighk 50 and7=5,

10
100 200 300 400t500 600 700 800 0
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FIG. 4. (Color online The
same as the previous figure, but
with Q=0 (i.e., in the absence of
the magnetic trap For t;=100
" and 7=10 (top panels the soliton
O 100 200 300 400 500 600 700 800 0 100 200 300 400 500 600 700 800 is delivered to its final location of

Xsin = 3. However, the same is not
; true forty=50 and7=5 in the bot-
\ tom panel, where the soliton fails
60
0 10 20 30 40 50 .60 70 80 90 100

to stop but rather continues its
motion, losing more and more of
its norm through emission of
radiation.

come, if the transport is applied with a sufficient degree ofemission is absent in the parabolic potential without the OL
adiabaticity; see, e.g., the middle panel wir100 and ingredien}, we have also performed the following numerical
=10, which succeeds in delivering the soliton at the desire@xperiment. We took the potential of the form
position. Notice that the final position of the center of the OL 102 ,
is aty=3a, which is different from the center of the third V(x) = 3073 + Vo sir(kx) + a(b)x, (12)
well of the effective potential, around which the soliton will |yt
oscillate, upon arrival. The theoretical prediction that was
presented abovéor V,=0.25 for this well is x,=9.0089, 1 t—t; t—t,
while in the simulations the soliton oscillates around 9.04 in a(t)=0.1x —[tan)‘(T> - tan%{T”. (13)
very good agreement with the theory. The two lower sets of ) o _
the panels are meant to illustrate that adiabaticity is not thé" Eq. (13), t; andt, are, respectively, the initial and final
single condition guaranteeing the efficient transport. The numoment of time, between which the linear ramp is applied to
merical experiments are performed for a shallower potentiaficcelerate the soliton to a finite propagation speed. We dis-
where the relevant wellto which the soliton is to be deliv- Play two such numerical simulations in Fig. 5. The first is
ered is near the threshold of its existence. As a result, neiPerformed in a deep OL, with;=0.25, taking initially the
ther in the case with=5 (the third set of panelsnor in the  soliton in the third wellt, =100 andt;=120 were used The
one with 7=10, is the OL successful in transporting the soli- S€cond simulation was performed in a shallow OL, with
ton at the desired position. =0.07, the soliton being initially taken in the first wéthe
A similar numerical experiment in the absence of theonly one existing at such values of the parametérse top
magnetic trap is shown in Fig. 4. The top panels display thanels clearly show that the emission of radiation leads to
successful transfer of the soliton by the OL of a form similarthe gradual decay of the soliton’s amplitude. On the contrary,
to that in Eq.(9), with Q=0 andV,=0.25, fort,=100 and when the OL is weake(in the bottom pane)s the soliton
r=10. Notice that, in the present case, the final positions offoves through it practically without radiation loss.
the OLs center and of the soliton coincidlas the atomic
potential and t_hg effgctivg potential for the soliton have the IV. CONCLUSION
same set of minima in this case, cf. E§)]. However, once
again, the same experiment, if not performed with a suffi- We have examined a number of static and dynamic fea-
cient degree of adiabaticiias in the bottom panel of Fig. 4, tures of bright matter-waveV\W) solitons in the presence of
with t,=50 and r=5), is not successful in depositing the the magnetic trap and optical latti¢®L). We used the per-
soliton at the prescribed location. Instead, in this case théurbation theory to predict the existence and stability of the
soliton continues to move along the OL, emitting radiationMW solitons trapped in the combined potential. A sequence
waves and decreasing its amplitude. of saddle-node bifurcations of the effective potential, which
To better illustrate the emission of radiation and its depeniead to consecutive disappearance of the higher-well solito-
dence on the depth of the Ofsince it is known that the nic bound states with the decrease of the OL strength was
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FIG. 5. The motion of the soli-
ton induced by the linear ramp in
Eq. (13) with ;=100 andt,=120.
The top panel shows the case with
strong radiation loss in a deep OL
(Vo=0.25; notice the apparent
friction in the motion of the soli-
ton’s center of mass in the top
right panel, and the corresponding
loss of the soliton’s norm in the
panel below it. On the contrary, in
the case of the shallow OL, with
V=0.07 (the bottom pang] the

x 0 ‘ x 0 moving soliton does not generate
5 “ | ‘/ | \‘\ ‘M | \‘\ \‘ 1 5 any visible radiation. In both
10 \ |y ‘; \j 1B ‘/ ) || o casesr=1 was used.
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t t

predicted, through the disappearance of the potential wells imork on a similar topic in nonlinear optics, see R¢&7,38

the effective potential. and references therginit would be of particular interest to
Having identified the stability characteristics of the differ- implement similar dragging and manipulation of solitons in

ent wells analytically, and verified them numerically, we thenhigher dimensions. The consideration of this case is currently

explored a possibility to use the OL as a tool to manipulatén progress.

the soliton. We were able to stop the soliton at a prescribed

location by turning on the OL, in an appropriate fashion. We This work was partially supported by Grant No. NSF-
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moving across a weak OL; however, the soliton loses a largehe hospitality of the Center for Nonlinear Studies of the Los
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multi-dimensional OL potentialt] (for recent experimental
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