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FIG. 9. (Color online) The five-vortex state for a trap strength
� = 0.2. The top panels show contour plots of the density (left) and
phase (right) of the wave function for µ = 3, while the bottom panel
shows the real and imaginary parts of the eigenfrequencies ω of the
BdG spectrum as a function of the chemical potential µ.

D = [
	

dxψ0(x)2ψ2(x)2]2. Evaluation of the integrals yields

ω = 4
√

2

5
(µ − 3�), (19)

which is found to be in good agreement with the corresponding
numerical result (see dashed line in the real BdG spectrum of
Fig. 8).

G. The vortex quintopole state

Last, we briefly mention the five-vortex state in Fig. 9. The
presentation of the mode is similar to the earlier ones, with
density and phase of a typical representative of this family of
solutions being shown in the top panel and real and imaginary
eigenfrequencies being demonstrated in the middle and bottom
panels. The spectrum looks similar to the spectrum of the
earlier states, but as argued earlier, it possesses three purely
imaginary eigenfrequencies with two of them being essentially
degenerate, as is illustrated in the bottom panel of Fig. 9. Of
course, once again the large magnitude of the corresponding
eigenfrequencies illustrates the strong dynamical instability of
the pertinent structure.

V. VORTEX DYNAMICS: NUMERICAL RESULTS

A. Microscopic displacements

In this section we show results obtained by direct numerical
integration of Eq. (1), using as initial conditions stationary
states perturbed along the direction of eigenvectors associated
with particular eigenfrequencies. Since we are interested in

the dynamics of the position of the vortex center we choose
eigenfrequencies associated with instabilities or negative-
Krein-sign eigenmodes. We should recall at this point that
anomalous modes are connected to the oscillation frequencies
of the vortices therefore a perturbation along the direction of
an eigenvector associated to an anomalous mode leads to a
precessional motion of the vortices. In order to determine the
position of the vortex as a function of time we first compute
the fluid velocity (see, e.g., Ref. [68])

vs = − i

2

u∗∇u − u∇u∗

|u|2 . (20)

The fluid vorticity is then defined as ωvor = ∇ × vs . Due to
our setup, the direction of the fluid vorticity is always the z

direction and, therefore, we can treat this quantity as a scalar.
For well-separated vortices, each vortex leads to a maximum
of the absolute value of the fluid vorticity at its location.
This allows us to determine the position of the vortices by
determining the maxima of the absolute value of the fluid
vorticity ωvor. Note the advantages of this definition over
alternative techniques such as those discussed in Ref. [26]
which attempt to deal with phases and identifying plaquettes
of 2π windings. This is evident in the figures illustrated in
the following in comparison to the coarse features observed
in Figs. 7 and 8 of Ref. [26] (although different grid spacings
may be partially responsible too for such differences between
our simulations and those of Ref. [26]).

The top panel of Fig. 10 shows the time evolution of the
center of the vortices when the vortex dipole state is perturbed
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FIG. 10. (Color online) Time evolution of the center of the
vortices for the two-vortex state perturbed by the eigenvector of
the anomalous mode (top panel) and the eigenvector associated to
the zero eigenvalue connected to the rotational invariance (bottom
panel) at µ = 1.5. The filled circles represent the initial positions of
the vortices.
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[6] R. Carretero-González, P. G. Kevrekidis, and D. J. Frantzeskakis,
Nonlinearity 21, R139 (2008).

[7] Yu. S. Kivshar, J. Christou, V. Tikhonenko, B. Luther-Davies,
and L. M. Pismen, Opt. Commun. 152, 198 (1998).

[8] A. Dreischuh, S. Chevrenkov, D. Neshev, G. G. Paulus, and
H. Walther, J. Opt. Soc. Am. B 19, 550 (2002).

[9] Yu. S. Kivshar and B. Luther-Davies, Phys. Rep. 298, 81 (1998).
[10] A. S. Desyatnikov, Yu. S. Kivshar, and L. Torner, Prog. Opt. 47,

291 (2005).
[11] L. M. Pismen, Vortices in Nonlinear Fields (Oxford Science,

Oxford, UK, 1999).
[12] M. R. Matthews, B. P. Anderson, P. C. Haljan, D. S. Hall, C. E.

Wieman, and E. A. Cornell, Phys. Rev. Lett. 83, 2498 (1999).
[13] J. E. Williams and M. J. Holland, Nature (London) 401, 568

(1999).
[14] K. W. Madison, F. Chevy, W. Wohlleben, and J. Dalibard, Phys.

Rev. Lett. 84, 806 (2000).
[15] A. Recati, F. Zambelli, and S. Stringari, Phys. Rev. Lett. 86, 377

(2001).
[16] S. Sinha and Y. Castin, Phys. Rev. Lett. 87, 190402 (2001).
[17] K. W. Madison, F. Chevy, V. Bretin, and J. Dalibard, Phys. Rev.

Lett. 86, 4443 (2001).
[18] C. Raman, J. R. Abo-Shaeer, J. M. Vogels, K. Xu, and W.

Ketterle, Phys. Rev. Lett. 87, 210402 (2001).
[19] R. Onofrio, C. Raman, J. M. Vogels, J. R. Abo-Shaeer,

A. P. Chikkatur, and W. Ketterle, Phys. Rev. Lett. 85, 2228
(2000).

[20] D. R. Scherer, C. N. Weiler, T. W. Neely, and B. P. Anderson,
Phys. Rev. Lett. 98, 110402 (2007).

[21] A. E. Leanhardt, A. Görlitz, A. P. Chikkatur, D. Kielpinski,
Y. Shin, D. E. Pritchard, and W. Ketterle, Phys. Rev. Lett.
89, 190403 (2002); Y. Shin, M. Saba, M. Vengalattore,
T. A. Pasquini, C. Sanner, A. E. Leanhardt, M. Prentiss,
D. E. Pritchard, and W. Ketterle, ibid. 93, 160406 (2004).

[22] L.-C. Crasovan, V. Vekslerchik, V. M. Pérez-Garcı́a, J. P. Torres,
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[24] V. Pietilä, M. Möttönen, T. Isoshima, J. A. M. Huhtamäki, and
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