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Abstract

We construct a nonlinear-wave analogue of the celebrated inverted, Kapitza, pendulum. We consider bright soliton
solutions of the one-dimensional nonlinear Schrodinger (NLS) equation under the influence of a repelling, when
stationary, hump (or “hill”’) potential and a confining harmonic trap. Using the variational approximation methodol-
ogy, we reduce the soliton dynamics to an effective Newton-type model on the soliton position and study its behavior
when the hump potential is made to vibrate vertically. We corroborate that the effective model is able to qualita-
tively and quantitatively describe the statics, stability, and dynamical properties of the original NLS bright soliton.
Using the effective model, we find the stability regions as a function of the hump parameters (height and vertical
shaking frequency) which correspond to the stability tongues of the Mathieu equation. We show that these theoret-
ically predicted regions accurately describe the corresponding, numerically computed, Floquet stability regions of
the original soliton on top of the vertically vibrating hill. Inside these stability regions we are able to fully stabilize
the soliton on top of the hill as a result of the vertical shaking in a manner akin to the inverted, Kapitza, pendulum.

1. Introduction

In this work we focus on the nonlinear Schrédinger (NLS) equation under the effects of external potentials
which is also known as the Gross-Pitaevskii (GP) equation in the realm of atomic and molecular physics.
This quintessential model, being the lowest order nonlinear partial differential equation (PDE) describing
the evolution of envelope waves in a nonlinear medium, finds its application in a wide range of physical
systems [13]. Particularly interesting are the applications of the NLS/GP equation to nonlinear optics [3]
and Bose-FEinstein condensates (BECs) [54, 65, 30]. In both of these applications, the incorporation of
an external potential, which can naturally be made time-dependent, allows for the direct manipulation
of the coherent structures supported in these nonlinear media owing to the balance between nonlinearity
and dispersion.

For instance, in nonlinear optical media supporting optical solitons [33] it is possible to replace
passive propagation by control through engineered external potentials, including non-autonomous linear
and harmonic potentials to manipulate the soliton’s position and shape parameters [61] and transverse
refractive-index landscapes and longitudinally modulated photonic lattices enabling soliton switching,
steering, mobility control, and reshaping [20, 58, 28]. More recently, control has been extended to
Floquet and topological photonic platforms [47], including nonlinear unidirectional edge states [48],
and period-doubled Floquet solitons [49]. Current developments also include dissipative Kerr soliton-
comb states in Floquet topological systems [21] and programmable manipulation of temporal solitons
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in recirculating fiber loops using synthetic external potentials [15]. Particularly interesting is the optical
trapping and manipulation of pulses for information processing [38, 5]. The so-called temporal tweezing
offers an efficient method to store and reconfigure optical information. For instance, soliton transfer has
been achieved in continuum and discrete media [53] and periodic time-dependent [31, 55] or radial-
Bessel [22] lattices external potentials have been used to manipulate solitons. Finally, the tweezing of
cavity solitons in media with strong gain and loss has also been studied [24, 59].

On the other hand, within the realm of BECs, matter-wave solitons provide a particularly direct
route for studying coherent nonlinear excitations under external control. In what concern solitons, dark
solitons in repulsive condensates were experimentally generated by phase imprinting [6], while, more
relevant to our current presentation, bright solitons and soliton trains in attractive condensates have
been observed in quasi-1D potentials [32, 64]. The use of external potentials has become central to
both the theory and control of these coherent structures. Slowly varying harmonic traps have been
used to determine soliton trajectories and oscillation frequencies [7], while expulsive and waveguide
geometries have been used to guide bright solitons and control their emissions [12]. Subsequent work
generalized the manipulation paradigm to the so-called dark-bright complexes in multicomponent,
spinor, BECs by using spatially or temporally varying external potentials providing an effective platform
for steering, stabilizing, and manipulating solitons [19, 29]. Particularly relevant to our present work is
the manipulation of bright matter-wave solitons in 1D geometries based on external potentials protocols.
Some of these applications include the use of expulsive and waveguide potentials as mechanisms for
stabilizing, emitting, and destabilizing bright solitons [12] and combined harmonic traps and optical
lattices were used theoretically to pin, move, and manipulate bright solitons through effective potential
landscapes [60]. Importantly, bright solitons have become a platform for coherent atom-optical devices:
solitonic interferometry has been realized using Bragg pulses from an optical lattice in a waveguide [42],
and barrier-based splitting, reflection, recombination, and scattering have been developed as routes
to precision sensing and controlled soliton transport. These efforts advocate for the use of bright
BEC solitons not merely as self-trapped wave packets, but as programmable nonlinear matter-wave
objects whose center-of-mass motion, internal breathing, collisions, phase relations, and interferometric
response can be engineered using time-dependent external potentials including multicomponent and
spin-orbit-coupled settings [68, 29].

In this work we consider the effects of a repulsive hump or “hill” potential on the dynamics of a bright
soliton. In the case of a static repulsive hump, the soliton is endemically unstable along the translational
(sliding) mode which is responsible for a soliton starting at the top of the hill to eventually slide down
along one of the hill sides. However, if one introduces a well-crafted vertical periodic oscillation of
the hump height, we will show that it is possible to completely stabilize the soliton on top of the hill.
The mechanism behind this stabilization is same as the celebrated inverted, or Kapitza, pendulum. The
Kapitza, or dynamically stabilized inverted, pendulum is one of the classical paradigms showing that a
rapidly driven system can acquire stable equilibria that are absent in the corresponding static problem.
The essential observation predates Kapitza: Stephenson showed in 1908 that vertical vibration of the
point of suspension can induce stability of the otherwise unstable upright pendulum [63]. Kapitza later
gave the now-standard physical and analytical explanation, demonstrating that, for appropriate system
parameter combinations (namely, sufficiently rapid vertical oscillations of the pivot), the pendulum
exhibits an effective time-averaged potential with a local minimum at the inverted position [26, 27].
Later studies clarified the nonlinear stability domains, bifurcations, fractal basins, and loss of stability
of the inverted state under finite-frequency forcing [4], while pedagogical and analytical treatments
have emphasized the physical mechanism and the limits of the usual high-frequency stabilization
criterion [8, 9]. More recently, the same idea has been generalized beyond a single rigid pendulum
to microscopic, quantum, many-body, and engineered systems, where rapid modulation can reshape
effective Hamiltonians and stabilize otherwise unstable states [57, 14]. The Kapitza pendulum is a
canonical example of parametric stabilization and it remains a standard model for averaging theory,
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Floquet studies, nonlinear stability, and control. Thus, the Kapitza pendulum serves not only as historical
mechanical curiosity, but as a prototype for dynamical stabilization by periodic forcing.

This manuscript is organized as follows. In Sec. 2 we introduce the system that we will study. Namely,
within the auspices of the NLS equation, we study the dynamics and stability of a bright soliton on top
of a stationary, repelling, hump. Then, in Sec. 3, using the variational approximation methodology, we
cast a reduced Newton-type effective model on the soliton position that is able to accurately describe
the statics and dynamics of the bright soliton under the presence of a vertically shaking hump and a
confining parabolic trap. In Sec. 4 we leverage the results of the Mathieu equation for the stabilization
of the reduced effective model under the presence of vertical shaking of the hump potential. This, in
turn, allows us to find parameter regions of our initial NLS model where the soliton on top of the
hill is completely stabilized by the periodic hump forcing in a manner akin to the Kapitza pendulum.
Finally, in Sec. 5 we summarize our results and put forward some avenues for possible related, future,
investigations.

2. Bright solitons on top of a hill
2.1. The nonlinear Schriodinger (NLS) equation

To study the manipulation of bright solitons in nonlinear media we will focus on the normal-form PDE
for propagation of envelope waves in nonlinear media: the NLS or GP equation [13]. The most basic
form for this nonlinear PDE in 1D may be cast, after suitable adimensionalization [13], as follows:

1
iu; = —Euxx - |u|2u +Vu, 2.1)

where the complex field u(x, t) represents the wavefunction for the system while the potential V (x, t)
may be, in general, a function of space x and time ¢. In actual atomic and optical experiments the usual
observable is |u|> which corresponds, respectively, to the density of atoms or the optical power. In this
work we fix the sign in front of the (cubic) nonlinear term to be negative, which corresponds to an
attractive (focusing) nonlinearity in the realm of BECs (optics). In the absence of external potential
effects [V (x, t) = 0], the NLS equation (2.1) supports exact bright solitons solutions whose general form
is given by:

AZ _ C2
u(x,t) = Asech (A(x — ct — xg)) exp (icx +i 5 t), 2.2)

where A is the amplitude and (inverse) width of a soliton travelling at constant speed ¢ and initial
position x.

‘We now focus on the dynamics of bright solitons under the effects of an external potential that is the
combination of a confining parabolic trap and a repulsive hump of the form:

V(x,t) = Vur(x) + Vg (x,t)

1
59%2 + H(t) sech®(Bx), (2.3)

where Vit correspond to a parabolic confinement of strength € while Vg corresponds to a localized
“hump” potential with, in general, time-dependent amplitude H(¢) and fixed (inverse) width B. In BEC
experiments, the parabolic trapping is typically incorporated through the application of a magnetic
potential while the hump potential can be naturally achieved, and precisely controlled, through a blue-
detuned external optical (laser) barrier [67, 23]. It is also relevant to note that our potential corresponds to
a double-well potential that can also be achieved using the competition between a (positive) quartic term
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and a (negative) quadratic one (see for instance Refs. [16, 18, 25] and references therein). The temporal
forcing due to the hump potential will be determined by the following periodic vertical shaking profile:

H(t) = Hy + Acos (wt), 2.4

where the nominal height of the potential hump is denoted by Hj, and A and w are, respectively, the
amplitude and frequency of the periodic shaking off of the nominal height. Note that we will consider a
repulsive hump such that Hy > 0 and we will try to maintain A < Hj so that the hump always presents
a repulsive term for the bright soliton.

The main question that this work tackles is whether a soliton sitting on top of the hill can be stabilized
under an appropriate periodic forcing [given by H(#)] in a manner akin to the stabilization of the forced
inverted pendulum, the so-called Kapitza pendulum [26, 27]. In fact, it has been shown that a bright
soliton on top of an expulsive parabolic potential can be stabilized by an appropriate periodic variation
of the potential strength [1] or the strength of the nonlinearity (i.e., the scattering length) [37]. The
ultimate mechanism responsible for this stabilization in the (originally, when no vibration is introduced)
expulsive potential is the same that in our current work. Namely, after linearization, the resulting
dominant dynamical variable (i.e., the position of the soliton) is described by the parametric stability
regions of a Mathieu-type ordinary differential equation (ODE). It is also worth mentioning that the
Kapitza stabilization mechanism can also be used to stabilize solutions (which are endemically unstable
in a homogeneous in space and time setup) through the periodic modulation of the nonlinear term. See
for instance Ref. [46], and references therein, for the stabilization of 2D NLS Townes solitons by an
appropriate periodic modulation of the corresponding cubic term.

2.2. Soliton’s statics, stability, and eigenmodes

Let us first describe the bright soliton steady states and their stability in the absence of the periodic
perturbation, namely when A = 0. In this static case, the potential (2.3) reduces to the time-independent
potential V(x) = %Qsz + Hysech?(Bx). As we are considering Hy > 0, V(x) corresponds to, for
strong enough values of Hj, a bistable potential as depicted by the green curve in panel (a) of Fig. 1.
The bistability allows for the existence of two solution types: (i) an unstable solution at the top of the
hill (x = 0) [see dotted red curve in panel (a)] and (ii) a pair of solutions symmetric about x = 0 [see
blue curve in panel (a)]. The position of the stable solutions is not of great importance here as we
will consider soliton solutions near x = (. Nonetheless, it is possible to estimate these stable positions
using the variational approximation presented below in Sec. 3. Stationary solutions are obtained for the
steady-state profile w(x) by replacing u(x, t) = w(x) exp(—iut) in Eq. (2.1) where u corresponds to the
so-called chemical potential in the context of BECs or the (negative of) the temporal frequency in the
context of optics. Steady states are thus solutions of the stationary problem:

—5Wax ~ lw|?w + [V (x) — u]w = 0.

In all numerical results we employ standard finite difference schemes in space to approximate the second
spatial derivatives. Steady states are then numerically found by using standard Newton iterations (see
Sec. 22.2 in Ref. [13]), until machine precision is achieved, starting with the analytical solution in the
absence of external potential (V = 0) given in Eq. (2.2) where u = —A?/2 (since ¢ = 0 in this stationary
case). Specifically, for the spatial discretization we used a second order central difference scheme on
the interval x € [—15, 15] with N, = 301 mesh points and (zero) Dirichlet boundary conditions. We
checked that finer discretizations did not significantly alter the results. In regards to the time integration
for the dynamics, we used a standard fourth order Runge-Kutta method and, in order to ensure numerical
stability, we chose the time-step to be half of the threshold time-step given in Ref. [11].
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Figure 1. (Color online) Statics, stability, and dynamics for a bright soliton inside the bistable potential
consisting of a harmonic trap and a repelling central hump. (a) The potential (green curve), correspond-
ingto A =0,Q=0.15, and Hy = 0.5, supports unstable u (red dotted curve) and stable u, (blue curve)
solitons. Both solutions were obtained for u = —1/2. (b) Stability spectrum for the unstable bright soli-
ton on top of the hill. (c¢) Typical dynamical destabilization of the soliton on top of the hill when adding
a small random perturbation of size 1075, Shown is |u| as a function of space-time (x,1).

As concerns the stability of stationary (A = 0) bright solitons at the top of the hill (x = 0), we cast
the linear perturbation off of the steady state w(x) using the ansatz u(x,t) = [w(x) + € p(x,1)] e"#
with perturbation p(x,) = a(x)et + b(x)e'" and corresponding eigenvalue 1 and eigenfunction
W = (a,b*)T where the asterisk denotes complex conjugate and (-)7 denotes the transpose. This
linear perturbation yields the so-called Bogoliubov-de-Gennes (BdG) equations, namely the eigenvalue
problem (see Chap. 22.2 in Ref. [13] for more details):

where the matrix operator M is composed by the blocks:

My = %5” - <2g|W|2 +V —ﬂ)’ M =—gw? Mxn=-M;, My=-M],
To numerically compute the stability spectra we again recur to standard second order finite differences
in space to cast the continuum BdG into its discrete counterpart. Panel (b) in Fig. 1 shows a typical
example of the stability spectrum for the soliton on top of the hill for a relatively weak hump height.
In this case, the system admits a single eigenvalue pair of unstable eigenvalues that corresponds to the
instability of the translational mode. This translational mode, or sliding mode as we call it from now
on, is responsible for the destabilization of the soliton that eventually slides down the hill as shown in
panel (c) of Fig. 1. As we will explain now, it should be noted that, for larger hump heights, there exist
another pair of unstable eigenvalues corresponding to the splitting mode of the soliton responsible for
“rupturing” the soliton into two equal packets on each side of the hump.

We now systematically extract the most unstable eigenvalues for the soliton on top of the hill as
the system parameters are varied. Specifically, we fix u = —1/2 (corresponding to a soliton of height
A =1 in the absence of any potential effects) and vary the harmonic trap strength Q and the hump
height Hy. The corresponding results are depicted in Fig. 2. The top panels correspond to the variation
of the sliding (solid curves) and splitting (dotted curves) mode eigenvalues as a function of the hump
strength in the absence [see panel (a)] and in the presence [see panel (b)] of the parabolic trapping. As
it can be seen from this stability spectra, in the absence of the magnetic trap (€2 = 0) the sliding mode
becomes unstable (its real part [solid blue curve]) as soon as the hump potential is turned on. Then,
for a larger value of the hump strength, a secondary bifurcation is responsible for the splitting mode
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Figure 2. (Color online) Stability properties for the bright soliton on top of the hill (¢ = 0) in the
absence of the vertical shaking (A = 0) and for u = —1/2. The top row of panels shows the stability
eigenvalues associated with the (translational) sliding (see solid curves) and splitting (see dotted curves)
modes for two different values of the magnetic trapping strength Q as a function of the hump height
(Hy). Real and imaginary parts are depicted, respectively in blue and red. The second row of panels
depicts the (c) sliding and (d) splitting eigenmodes (real and imaginary parts depicted, respectively, in
blue and red) for Q = 0.2 and Hy = 1.25 [see, respectively, the cross and plus symbols in panel (b)].
The third row of panels depicts the destabilization dynamics after slightly (107°) perturbing the steady
state with the (e) sliding and (f) splitting modes for Q = 0.2 and Hy = 1.25. The bottom set of panels
depicts the two largest instabilities [(g) Re(A1): sliding and (h) Re(2,): splitting] in the (Q, Hy) plane.
Darker colors correspond to less unstable conditions and black corresponds to complete stabilization.
The dashed curves depict the theoretical predictions from the effective ODE model as per Eq. (4.4) with
(black and white) and without (grey) the soliton height improvement.
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(dotted curve) to become unstable. In contrast, when the magnetic trap is turned on (Q > 0), there is a
region for relatively small values of the hump height where the sliding mode is stable. Then, for larger
values of the hump height the sliding mode becomes unstable and, for even larger hump heights, the
splitting mode also becomes unstable. The overall qualitative effect of the magnetic trap is to “shift” the
spectrum to the right and to widen the stability regions as the trap is stronger. Panels (c) and (d) depict,
respectively, the sliding and splitting modes for Q = 0.2 and Hy = 1.25 [see the black cross and plus
symbols in panel (b) depicting their respective (unstable) eigenvalues]. Panel (e) and (f) show how these
unstable modes manifest themselves in the dynamics of the destabilization of the soliton on top of the
hill. For the sliding mode [see panel (e)], the instability eventually forces the soliton to slide down the
hump and then perform oscillations about the potential minimum. Note that due to radiation effects (see
visible lighter blue areas about the main soliton path in yellow), the soliton does have enough energy
to come back to its original starting location (x = 0). On the other hand, when the soliton is perturbed
by the unstable splitting mode, it eventually destabilizes by breaking into two symmetric blobs that
slide down over each side of the hump. After their initial sliding, the two blobs perform oscillation and
regroup back close to x = 0 but, again due to radiation loss, the initial condition on top of the hill is not
fully recovered. Finally, we depict in panels (g) and (h) the dependence of the destabilization rates (i.e.,
real part of the eigenvalues) for, respectively, the sliding and splitting modes as a function of the trap
strength € and the hump height Hy (black regions correspond to stable choices for the parameters). Note
that for all combinations of (€2, Hy), the sliding mode is always dominant. Thus, unless one carefully
crafts an initial condition that only perturbs along the splitting mode without affecting the sliding mode
[precisely as it was done in panel (f)], a typical (random) perturbation will generically destabilize along
the sliding mode. This is important in what follows as we are aiming to stabilize the soliton on top of
the hill with a periodic perturbation of the hump height in a manner akin to the inverted pendulum.
Therefore, we need to primarily focus on taming this sliding mode if we have any hope of achieving
such stabilization. As we will see below, in the regions of stabilization of the sliding mode, we were not
able to detect destabilization due to the splitting mode and, therefore, we will be able to fully stabilize
the soliton on top of the hill.

3. Dynamical reduction of the soliton’s dynamics

Let us now deploy a reduced model that, not only qualitatively but also quantitatively (in appropriate
parameter regions), reproduces the dynamics of the bright soliton as it slides along the hump potential.
For that purpose, we deploy the variational approximation (VA) formalism [40] (see also Chap. 25 in
Ref. [13] and references therein). As a preliminary disclaimer, we are going to cast the simplest possible
reduced model by using the least amount of variational parameters that can still capture (qualitatively
and quantitatively) the statics, dynamics, and stability of the soliton under the periodic forcing exerted
by the vertically vibrating hump. Nonetheless, we will check that our results do give qualitative and,
more importantly, quantitative information about the parameter combinations that allow for the full
stabilization of the bright soliton on top of the hill thanks to the effect of the periodic perturbation of
the hump’s height.

Proceeding with the standard VA formalism, the NLS (2.1) can be cast by extremizing the action of
the Lagrangian density given by:

i . . 1 1
Llu] =5 (wuy - uup) - §|ux|2 - §|u|4 ~V(x,1)|ul?. (3.1)

We then restrict our attention to the following bright soliton ansatz:

ug(x,t) = Asech(A(x — £(1))) exp(iv(t)x), (3.2)
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where A is the fixed amplitude and (inverse) width of the soliton while £(¢) and v(z) are the variational
parameters corresponding, respectively, to the position and velocity of the soliton. It is important to
stress that we are fixing the soliton amplitude and (inverse) width (namely, they are not variational
parameters) and the only variational parameters are the position and velocity of the soliton. Then, using
the external potential as the combination of the confining parabolic and the repelling hump potential of
Eq. (2.3), it is possible to evaluate the Lagrangian density (3.1) on the soliton ansatz (3.2) and integrate
all over space to obtain the effective Lagrangian:

‘/OO Llug(x,t)] dx

2
——V(t)f()—A——— (07 +

La

2A4 A2Q? (12B%¢(1)? + %)
12B3

—I(x,1),

where /(x, ) is the overlapping integral between the hump potential and the soliton shape:

+00 +00
I(x,1) = / Vi |ua|* dx = AH(1) / sech?(Bx) sech?(A(x — &)) dx. (3.3)
Unfortunately, close form expressions for /(x, t) are only available when the soliton width (A) and the
hump width (B) are equal. It should be noted that, in principle, the approach for A # B would still hold
as the overlapping integral could be, in the general case, numerically integrated. Nonetheless, for the
sake of simplicity, we will use from now on the special case A = B. In this case (A = B), the overlapping
integral yields the close form:

I(x,t) = 4H(t) B csch(B&)? [ BE coth(BE) — 1]. (3.4)

Now, proceeding with the VA methodology, we deploy the Euler-Lagrange equation for the variational
parameters £(¢) and v (1) = £(1):

d [0La| _ 0L
dt | dv | d¢”’
we arrive at the following effective Newton-type ODE for the soliton position:

d

_ eff
é= T Vi (o], (3.5)
where the effective potential is given by
Vel (&) = vel (&) + Vil (¢) = %9252 + 2H csch(BE)? [ BE coth(BE) — 1], (3.6)

containing, respectively, the effective contributions of the magnetic trap and the hump potential. Note
that, contrary to the effective contribution of the magnetic trap that is identical to the original magnetic
trap potential, the contribution of the hump towards the effective potential has a similar shape, but is
not identical, to the hump potential itself. Figure 3 depicts the different contributions to the original
potentials and their effective counterparts.

Let us now validate the fidelity of the effective ODE reduction to reproduce the bright soliton
dynamics in the original PDE model. For this let us compare the corresponding orbits in phase space
(&, €) for typical parameter values. For the NLS model we generate bright soliton orbits by using initial
conditions starting on the unstable and stable steady states w(x) boosted with a velocity “kick” vg
according to u(x, 0) = w(x) e!"0*. The resulting phase space reconstruction for the original NLS model
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Figure 3. (Color online) The different contributions to the original potentials and their corresponding
effective counterparts. See the legend for the description of each contribution. The parameters here
correspondto Q=0.15, H=1, B=1, and C = B.

is depicted by the thick light-colored dots/curves in panel (a) of Fig. 4. For orbits inside the separatrix
(separating oscillating orbits on one side of the hump and orbits oscillating across the hump) we boost
the stable steady state at the right of the hump and outside the separatrix we boost the unstable steady
state centered at x = 0. The corresponding effective ODE orbits are depicted by the thin red lines. As
we can observe from panel (a), the reduced model offers a good qualitative description of the original
NLS model, however it fails at the quantitative level. After further investigation, it becomes evident
that the lack of a better (quantitative) match can be accounted for by the fact of the simplicity in the
soliton ansatz that we chose to use in the VA approach. In particular, we note that the shape of the phase
space orbits is highly sensitive to the amplitude of the soliton. Therefore, to obtain a better quantitative
match when using the reduced effective ODE model, it is essential to include more freedom on the
soliton amplitude. A direct, albeit more lengthy, approach would rely in casting a VA approach with an
ansatz that also includes the soliton amplitude and its chirp as variational parameters (see Sec. 25.2.1
in Ref. [13]). However, to keep our approach as simple and clean as possible and to streamline our
presentation, we opt to modify our effective ODE model by introducing the amplitude of the soliton
(A) as follows. To keep the overlapping integral (3.3) in closed form as in Eq. (3.4), we will assume
that the (inverse) widths of the soliton and the hump are kept constant and equal to each other. Then,
a posteriori, we adjust only the amplitude parameter by boosting the strength of the effective potential
by a prefactor given by the actual soliton amplitude from the original system. To account for the soliton
height, we could extract the average height of the soliton from the original NLS simulations [see panel
(c) in Fig. 4]. Despite this option giving the best possible match of the effective reduced model (see
Appendix A), we opt here for a completely analytical approach. Thus, we approximate the soliton height
by A + Hj since, as a first approximation, the height of the soliton on top of the hump will be increased
by the height of the hump (H)) itself. Thus, we simply use same shape for the effective hump potential
with a prefactor (A + Hy)/A:

A+ H

vell(¢) = Vil(e). (3.7)

This improved effective model allows for (small) variations of the soliton height from the hump width
B. Panel (b) in Fig. 4 shows how this improved effective model (see thin blue curves) is able to more
accurately capture the phase space of the original NLS model. It is important to mention that, since we
are going to be studying the stability of the soliton on top of the hill under periodic perturbations, we
will be exclusively interested in the approximation of the effective model close fo the origin (x ~ 0). The
phase space in panel (b) evidences that the improved reduced model is quite accurate in the region x ~ 0.
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Figure 4. (Color online) Phase space for a soliton inside a combination of harmonic trapping and a
repulsive hump for Q = 0.15, Hy = 0.05, and B = 1. The light orange dots depict the reconstruction of
orbits from the PDE numerics while the thin blue curves depict the corresponding orbits for the reduced
ODE approach. Panel (a) corresponds to the effective potential (3.6) while panel (b) corresponds to
the improved effective potential (3.7) Panel (c) depicts the amplitude of the soliton for the green and
purple orbits in panels (a) and (b) by least-squares fitting a of a sech profile. The green and purple
horizontal lines depict the respective amplitude averages along the orbit while the black horizontal line
corresponds to the estimate soliton height of A+ Hy. Panels (d) and (e) depict, respectively, the green and
purple orbits together with their approximation using the effective ODE models [red: original effective
potential (3.6), blue: improved effective potential (3.7].

Therefore, unless stated otherwise, we will use from now on this improved potential for our effective
ODE model of choice. Panel (c) depicts the soliton amplitude for two typical NLS orbits showing that
an overall soliton amplitude approximation of B+ Hy is a good compromise. Finally, we depict in panels
(d) and (e) representative orbits for the original NLS model and both effective models.

4. Stabilization on top of the hill: The Mathieu equation

Now that we have cast an accurate reduced model for the static hump potential, let us consider the case
when the vertical shaking is on (A > 0). In this case, our improved reduced effective model takes the
form of the Newton-type Eq. (3.5) with the effective potential:

vell(&) = el (&) + Vil (¢) = %QZ§2 + #2}1(0 csch(BE&)?[ B¢ coth(BE) — 1], @.1)
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where H(¢) given in Eq. (2.4). As we are interested in the stability of the soliton on top of the hill, for
linear stability purposes it suffices to linearize the ensuing effective equations about ¢ = 0 which yields:

2 2
50)—HA%§H0—Qﬂ+A%%Acm@m)go)zq 4.2)

where A = (A+Hj)/A as argued before. Equation (4.2) has precisely the form of the Mathieu equation.

Indeed, after defining & = A lgsiz sHy — ?)—2, 0 = A%A, and rescaling time according to 7 = wt,
Eq. (4.2) reads:

2
d i(;) —[h+6cos()] £€(1) =0, 4.3)

d
corresponding to the standard form of the Mathieu equation.

The Mathieu equation is a prototypical ODE with periodic coefficients that is front and center in the
theory of parametric excitation, Floquet stability, and resonance tongues [41, 43, 51]. Its importance
relies on the fact that many physical systems, very much like the present one, reduce to a Mathieu-
type equation after linearization around an equilibrium when a periodic variation of one (or more)
parameter(s) is introduced. The Kapitza (or inverted) pendulum is a classic example of this paradigm.
In particular, when the pivoting point of a pendulum is vertically driven under the right conditions,
the effective periodically modulated gravitational term gives rise, after linearization, to the celebrated
Mathieu equation where the stability of the inverted equilibrium can be interpreted through the stability
diagram (or stability tongues) of the Mathieu equation [26, 35, 51]. The Kapitza pendulum provides a
concrete mechanical realization of the broader mathematical phenomenon described by Mathieu and
Hill equations where the effects of the periodic parametric forcing can either destabilize or stabilize
motion depending on the drive amplitude and frequency [43, 39, 50]. It is precisely this space of
periodic forcing parameters that we will now explore in connection with our physical system consisting
of a soliton on top of and oscillating hill. As we mentioned before, the stabilization of the bright soliton
on top of the hill is tantamount to the work of Refs. [1, 37] where solitons were stabilized on top of
an expulsive parabolic trap by introducing an appropriate periodic variations of, respectively, t he trap
strength and the strength of the nonlinearity.

Before we use the results from the Mathieu equation, it is worth exploring the stability properties
in the case when the vertical shaking is absent (A = 0). In that case, the above linear analysis directly
predicts the stability threshold from the competition of the stabilizing effects of the parabolic trap and
the destabilization deriving from the hump. From the linearized Eq. (4.2) with A = 0 this threshold
directly reads as:

8AB2
15

Qerit = Ho. (4.4)

This predicts that, in the static case, if Q < Qi the steady state for & = 0 becomes unstable. Note that
we write the above threshold in terms of Q! rather than Hgm since the adjusted height A depends on
Hj. At any rate, the threshold (4.4) can be interpreted (i.e., inverted) in practice as a threshold for the
hump height such that if Hy > ngit the soliton on top of the static hill becomes unstable. We overlayed
this threshold prediction for the soliton on top of the hill on the stability diagram of panel (g) in Fig. 2
where we used the soliton height with [A = (A + Hy)/A; see black and white dashed curve] and without
(A = A; see grey dashed curve) the soliton height improvement. As it is evidenced from this figure,
the improved reduced model with the adjusted soliton height is essential to obtain a good quantitative
match between the original NLS model and its ODE reduction.

When the periodic forcing is present (6 > 0), the Mathieu equation is well-known to exhibit stability
tongues [10, 56, 34] corresponding to parameter combinations where the orbit starting at & = 0 is
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Figure 5. (Color online) Stability regions (see gray shaded areas) for the Mathieu equation. (a)
Mathieu stability regions for Eq. (4.3) as a function of h and 6. (b) Stability regions in the (Hyp, A)
plane for (Q, w, A) = (0.15,0.2, A = 1). (c) and (d) Stability regions in the (w, A) plane (S, Hy, A) =
(0.15,0.05,A=1) and (Q, Ho, A) = (0.4,0.4, A=1), respectively. In all the panels, below the dashed
line the periodic forcing potential never takes negative values (i.e., Hy < A).

completely stable. Panel (a) of Fig 5 depicts the corresponding main stability tongues in (%, §) space.
Note that the tongues are symmetric with respect to sign changes in §. Also note that for our system
of interest ¢ is always positive while % can be either sign depending on the combination of the system
parameters. Let us now map the Mathieu stability tongues onto the original parameters of our bright
soliton model under the influence of the parabolic trap and the hump’s periodic vertical shaking. Panel (b)
of Fig 5 depicts such stability tongues as a function of the hump nominal height Hy and shaking amplitude
A for the choice (Q, w) = (0.15,0.2) and without using the bright soliton amplitude improvement (i.e.,
A = A). On the other hand, panels (c) and (d) of Fig 5 depict the main stability tongue as a function
of the periodic shaking frequency w and amplitude A for, respectively, (Q, Hy, A) = (0.15,0.05, A=1)
and (Q, Hy, A) = (0.4,0.4, A =1) (namely, without the soliton height adjustment; we will introduce
the height adjustment in the results below). Note that part of the second stability tongue does exist but
it happens for large values of A where the hump potential is most of the time negative (i.e., attracting
towards & = 0 for the bright soliton). In fact, to stress the fact that we want to showcase stabilization
despite having a repelling hump (in the stationary case), we have drawn the dashed lines in Fig 5. We
are precisely interested in the regions below these lines which correspond to cases where the potential
hump is never negative (i.e., it is always repelling in its stationary form).

Now that we have access to the predictions for the parameter regions where the bright soliton would be
stable according to our linear stability analysis of the reduced ODE model, we can now search for stable
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Figure 6. (Color online) Stability diagram of the sliding mode for a bright soliton on top of the hill
under a periodic perturbation of frequency w and amplitude A with Hy = 0.05 and Q = 0.15. Depicted
is the real part of the most unstable (sliding) eigenvalue of the Floquet spectrum for the calculated
periodic orbits. Darker colors correspond to less unstable conditions and black corresponds to complete
stabilization. The points A (w = 0.12) and B (w = 0.36) correspond to two unstable cases while the
point C (w = 0.19) corresponds to a stable case; all for A = 0.045. The gray dashed curves depict
the stability boundary regions predicted by the Mathieu equation for the original soliton amplitude of
A = 1 while the black and white dashed curves correspond to the boundary regions for the improved
reduced model with A = 1 + H,.

regions for the original NLS model. To do so we use parameter values in the window displayed in panel
(c) of Fig 5. For each parameter combination we then compute the stability spectrum using Floquet theory
as follows. We first, for each parameter combination, compute the steady state when the vertical shaking
is absent (A = 0) using standard fixed-point Newton iterations (as we did in Sec. 2.2). We then use this
steady state solution as an initial seed for the fixed-point iteration scheme on the map generated, after
one period of the forcing, on the norm of the solution. Namely, we find solutions to |u(x, 0)| = |u(x,T)|
where T = 27/ w is the corresponding forcing period. Subsequently, in order to use the full (complex)
solution in the Floquet stability analysis, we extract the phase ¢ such that u(x, 0) = u(x,T) e'?. In this
manner we obtain numerically the corresponding periodic orbit and its relative phase for each parameter
combination. Once we obtain the periodic orbit with a prescribed precision (residuals below 107°),
we deploy numerically a standard linear stability Floquet analysis [62, 17, 44] (after factoring out the
relative phase ¢) to extract the linear stability spectrum for each periodic orbit. Figure 6 displays the
largest real part of the Floquet spectrum for Hy = 0.05 and Q = 0.15 together with the Mathieu stability
tongue boundaries from our dynamical reduction. Note that complete stabilization of the original NLS
bright soliton on top of the oscillating hump is indeed possible (see region in black). The predicted
stability region boundaries obtained through our reductive approach are depicted, for the case without
using the soliton height improvement (i.e., A = A = 1), by the grey dashed curves. As it could have been
expected, these predicted boundary regions match qualitatively the actual stability regions but fail to
give a good quantitative match. In contrast, when using the effective hump potential with the improved
soliton height A = (A + H)/A the theoretical prediction (see black and white dashed curves) performs
significantly better and allows for a decent quantitative match of the stability region.



14 Journal of Nonlinear Waves

0 5 10 15 20 25 30 35 40 45 50
t)T

Figure 7. (Color online) Evolution of the bright soliton under different periodic perturbations. The
initial condition corresponds to the computed periodic orbit perturbed by an initial velocity “kick”
imparted by multiplying the initial wave by exp(ivox) with vo = 10~'°. Panels (a), (b), and (c) cor-
responds, respectively, to the points A, B, and C depicted in Fig. 6. Panel (a) and (b) correspond to
unstable orbits where the bright soliton rapidly slides down from the top of the hill. In contrast, panel
(c) depicts a case inside the stabilization window. In this case, the bright soliton stays on top of the hill
indefinitely until the vertical shaking is removed at t|T = 45 (see vertical dashed line) and, hence, the
soliton rapidly slides down from the top of the hill. The panels depict the absolute value of the field as a
Sfunction of time (scaled by the corresponding shaking period T = 2r/w) and space.

To showcase the success of stabilizing the soliton on top of the hill via the periodic vertical shaking,
we display typical dynamical scenarios inside and outside of the stability region. Figure 7 depicts the
three different cases shown by the labeled purple crosses in Fig. 6 after the numerically computed
periodic orbit is slightly perturbed by a velocity “kick” (boost) of 107!, These correspond to: unstable
cases to (A) the left and to (B) the right of the stability region and (C) inside the stability region, which
are displayed, respectively, in panels (a), (b), and (c) in Fig. 7. Note that, despite the fact that we used a
very small velocity boost of 10710, both unstable cases destabilize rather quickly and the soliton slides
down the hill after a handful of forcing periods. Also note that the destabilization for case A is faster
than the one in case B as the corresponding instability (real part of the stability eigenvalue) is stronger
for the former. In contrast, when choosing a parameter combination inside the stable region, the soliton
is able to balance on top of the hill for long times (we have checked that it stay stable for thousands of
periods; results not shown here). In fact, to showcase more vividly the stabilizing effect of the periodic
shaking, for the stable case depicted panel (c) in Fig. 7, we stop the forcing after 45 periods and the
bright soliton quickly slides down the hill.

In order to shed some light into the instability mechanism, we depict in Fig. 8 the Floquet spectra
corresponding to the ensuing dynamical scenarios depicted in Fig. 7 (and the ones depicted in Fig. 10;
see below). Note that the Floquet eigenvalues A are related to the stability eigenvalues A (see Sec. 2.2)
by the relation A = e*/” where T is the period of the orbit. Floquet eigenvalues A lying on the unit circle
(JA] = 1) correspond to (linearly) neutrally stable modes (depicted by small blue dots), i.e., Re(1)=0.
Due to the Hamiltonian nature of the underlying PDE of the NLS model, the eigenvalues must appear in
pairs (in case of being purely real or purely imaginary) or quartets (in case of being genuinely complex).
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Figure 8. (Color online) Floquet stability spectra of the periodic orbits corresponding to the points A,
B, C, D, E, and F depicted in Figs. 6 and 9 (corresponding orbits depicted in Figs. 7 and 10). Non-neutral
eigenpairs (|\| # 1) are depicted by the black crosses while neutral ones are depicted by small blue
dots. The insets show (in case of instability) the eigenvector associated with the most unstable mode (red
and green depict, respectively, the real and imaginary parts). Note that the unstable modes correspond
to translational modes which are responsible of destabilizing the bright soliton from the top of the hill.

The modes responsible for the stability or instability of the bright soliton correspond to point-spectrum
eigenvalues that will lie off of the unit circle (depicted by black crosses). As it can be noticed from Fig. 8,
the instabilities, when present, correspond to real eigenvalues indicating an exponential instability (in
contrast with an oscillatory instability). This is straightforward to understand as when the soliton starts
sliding down due to the instability, it will continue sliding down on the same side of the hill. We also
depict in the insets the eigenmodes associated with the instability, when present, that clearly indicate
that the instability is associated with the translational mode, i.e. the sliding down of the soliton from the
top of the hill.

Next, to showcase that the stabilization mechanism is not exclusive for small hump potentials, we
depict in Fig 9 the stability region for larger hump strengths. As the figure suggests, the stability region
for larger hump strengths is greatly reduced when compared to the corresponding one for smaller hump
strengths (see Fig 6). Nonetheless, as evidenced from the Floquet spectra shown in panels (d)—(f) of
Fig. 8 and their corresponding dynamical evolutions shown in Fig. 10, it is indeed possible to find
completely stable cases in this larger hump strength scenarios. We also note that the prediction using
the improved reduced model with the adjusted soliton height (see dashed curves in the figure) is able to
predict to a great extent the region of stability.

Finally, as it was the case when the periodic forcing was absent, in the general case with non-zero
periodic forcing, the splitting mode might still be present. For instance, we show in Fig. 11 the Floquet
spectrum [panel (a)] and it associated unstable eigenmode [panels (b) and (c)] for a case containing an
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Figure 9. (Color online) Same meaning and layout as Fig. 6 but for stronger periodic forcing and
Hy = 0.4. The points D (w = 0.475) and E (v = 0.588) correspond to two unstable cases while the
point F (w = 0.548) corresponds to a stable case; all for A = 0.490.
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Figure 10. (Color online) Same meaning and layout as Fig. 7 but for stronger forcing oscillations.
Panels (a), (b), and (c) corresponds, respectively, to the points D, E, and F depicted in Fig. 9. Panel (a)
and (b) correspond to unstable orbits where the bright soliton rapidly slides down from the top of the hill.
In contrast, panel (c) depicts a case inside the stabilization window. In this case, the bright soliton stays
on top of the hill indefinitely until the periodic forcing is removed at t|T = 45 (see vertical dashed line).
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Figure 11. (Color online) Competition of unstable modes for the periodic solution corresponding to
Hy=04,A=0.5,Q=0.4, and w = 0.74. Panel (a) depicts the Floquet spectrum while panels (b) and
(c) show the eigenfunctions of the two most unstable modes [see, respectively, the cross and plus symbols
in panel (a)]: (b) sliding mode and (c) splitting mode (real and imaginary parts depicted, respectively,
in red and green). Panels (d) and (e) show the dynamical evolution of the unstable periodic solution
slightly perturbed by, respectively, the sliding and splitting modes.

unstable splitting mode. As we can observe, the Floquet spectrum exhibits, in addition to the dominant
translational (sliding) mode [see panel (b)], a splitting mode [see panel (c)]. Albeit this splitting
mode being less unstable that the dominant sliding mode, it is possible to excite it by perturbing the
numerically computed periodic orbit with the corresponding eigenmode. Panels (d) and (e) show the
ensuing dynamics when perturbing the periodic orbit by, respectively, the sliding and splitting modes.
As one may observe, both modes destabilize rather quickly (after a couple of oscillations of the periodic
orbit). It would be interesting to find parameter combinations that would switch the dominance between
the sliding and the splitting mode. This might be possible as the stabilization provided by the periodic
forcing is only designed to tame the sliding mode. Thus, it is conceivable that, for larger values of the
hump strength, one would be able to completely stabilize the sliding mode (or at least make it less
unstable than the splitting mode) such that the soliton on top of the hill destabilizes along the splitting
mode instead of along the sliding one. Searching such a case falls outside of the scope of the current
work.
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5. Conclusions

In this work we construct a nonlinear-wave analogue of the famous inverted, Kapitza, pendulum which
is the quintessential mechanical example exhibiting parametric stability. Our nonlinear-wave system
consists of a bright soliton solution of the nonlinear Schrodinger (NLS) equation under the influence
of a combined localized hump (or hill) potential and a confining parabolic trap. The hump potential is
chosen to be positive and, thus, repelling when stationary. However, we show that, under appropriate
vibrating hump conditions, it is possible to fully stabilize the bright soliton on top of the hill in a
manner akin to the inverted pendulum stabilization via the vertical vibration of its pivoting point. To
theoretically study our system, we deploy the variational approximation methodology describing the
statics, stability, and dynamics of the full NLS soliton in terms of a reduced Newton-type equation
on the effective soliton position. Using this reduced model, we cast the (linear) stability of the soliton
on top of the vertically vibrating hill in terms of the Mathieu equation. Then, the parametric stability
tongues of the Mathieu equation correspond to regions in hump parameters leading to stable periodic
solutions of the soliton on top of the hill. In particular, we construct stability diagrams on the hump’s
oscillating frequency and amplitude that accurately predict the stability conditions of the original NLS
soliton model which, in turn, are extracted by computing numerically the Floquet stability spectrum of
the corresponding periodic orbits.

A complementary study to the current results would be to tackle the question of “capturing” the
bright soliton on top of the hill in the first place. Namely, using appropriate control of the horizontal
position of the hump, we have observed that it is possible, using machine learning techniques, to guide
the soliton from any arbitrary position to a position close to the top of the hump. If, in addition, the
control is requested to guide the soliton on top of the hump with a final small velocity, it is conceivable
that, at that moment, to turn on the vertical vibration of the hump to finally stabilize the soliton on top
of the hill. Doing so, one would be able to not only guide the soliton to the top of the hill by using an
active control, but, once the soliton is on top of the hump with small a velocity, the active control can
be turned off and replaced by a prescribed (i.e., passive) vertical vibration to fully trap the soliton on
top of the hill indefinitely. We have successfully implemented examples of such a technique (results not
shown here) and the corresponding results will be reported in a future publication.

Another possible avenue for further research along the lines of the current work would be to study the
dynamical stabilization of dark solitons (i.e., in the case of repulsive nonlinearities) on top of localized
repelling potentials under appropriate temporal vibrations. Work along these lines has been carried out
in Ref. [52] where the authors studied the motion of dark solitons under periodic perturbations using
adiabatic perturbation theory.

Our results may pave the ground to study parametric stabilization of localized coherent structures
in other nonlinear systems. For instance, it would be interesting to explore the possibility of stabilizing
localized soliton in shallow-water wave models in the presence of a vibrating hump in the bathymetry. It
would also be interesting to explore the possible connections of our present work towards the stabilization
of collapse of NLS bright solitons in 2D and 3D for a cubic nonlinearity [66, 45] or in 1D for higher-order
nonlinearities [36, 2] under appropriate (time-) periodic forcing perturbations.

A. Appendix. Further improved reduced effective model

Figures 12 and 13 show, respectively, the phase space and stability diagrams for the further improved
effective model where the prefactor of the effective hump potential is adjusted by the corresponding
soliton amplitude averaged along each individual orbit. Note how this adjusted model provides an
excellent quantitative description of the soliton’s phase space (see Fig. 12) and, as a consequence, it
is able to also give an exceptionally accurate prediction for the stability regions on the shaking hump
parameters (see Fig. 13).
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Figure 12. (Color online) Phase space for a soliton inside a combination of harmonic trapping and a
repulsive hump for Q = 0.15, Hy = 0.05, and B = 1 when using the further improved reduced model
where the prefactor on the effective hump potential is adjusted by the corresponding soliton amplitude
averaged for each individual orbit. Same meaning as in panel (b) of Fig. 4.
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Figure 13. (Color online) Stability diagram of the sliding mode for a bright soliton on top of the hill
as in Fig. 6 but now the dashed line corresponds to the predicted stability boundary predicted using the
further improved reduced model where the prefactor on the effective hump potential is adjusted by the
corresponding soliton amplitude averaged for each individual orbit.
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