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A PERTURBATION THEORY FOR SOLITON SYSTEMS

V.I.Karpman and V,V,Solov'ev

Institute for Terrestrial Magnetism, Ionosphere
and Radiowave Propagation (IZMIRAN)
Moscow Region, 142092, USSR

A simplified perturbational approach appropriate for
systems of solitons governed by the perturbed integ-
rable equations is described. Some applications of
this method are reviewed. Among them there are soliton
gtructure of the shock waves in dispersive media,
double sine-Gordon equation, etc.

I. INTRODUCTION

We consider solitons described by evolution equations of the form

w, = Stul +eR W (1.1)

where SLu] and RIUWI are some operators, ¢ is a small parame-
ter, and at € = 0 the system can be solved by the inverse scatte-
ring method (ISM), A general form of perturbation theory for such
equations has been recently developed in a number of papers {1-9].
By means of this theory a general and very complete description

of a single perturbed soliton and a number of applications was
considered (see also a review article [10)] and references thereinj.

However, in direct applications of this method to multi-soliton
systems one confronts with significant technical difficulties ari-
ging from the necessity to use multi-soliton solutions. Fortuna-
tely, in many important cases the perturbational effects may be
consgidered without going out of the one-soliton perturbation the-
ory.

If, for instance, soliton velocities are not so close %o each
other, a time of passing of one soliton through another is small

in comparison to the time during which the action of perturbation
becomes to be significant. Therefore, in this case the perturba-
tion mainly manifests itself when distance between solitons is lar-
ge and one can use the single soliton perturbation theory (a more
detailed and quantitative analysis of this case is given in [10];
see, also, below, sec. 3).

However, if the soliton velocities are rather close, the soliton
interaction time is large and it may be comparable to the "pertur-
bation time", In this case there is a significant interference
between the external perturbation and soliton interaction due to
their overlapping. Fortunately, it appears that 1n many of such
cases the distances between solitons are large and this gives a
possibility to describe a multi-soliton system as linear superpo-
sition of single solitons with slowly varying parameters which cean
be defined by means of perturbational methods.
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The present paper is a review of the main results obtained by this
approach in [11-15],

In sec. 2 we give some general equations used throughout the paper.
In sec. 3, which is based on [11-12] , we formulate an essence of
our approach and consider multi-soliton system of the perturbed
KdV equation (KAVE). Equations describing such system are applied
then to the theory of oscillatory shocks. In gec. 4 the same appro-
ach is used for the perturbed non-linear Schrodinger equation
(NLSE). Here we give a rather simple description of two unbounded
and bounded solitons (13, 14] . In sec. 5 we consider two-soliton
systems of the perturbed sine-Gordon equation (SGE) and, as a par-
ticular case, the double SGE (DSGE) ([13, 15].

2. BASIC EQUATIONS

Here we give some general results following from the perturbation
theory based on the ISM, Consider, first, the perturbed KAVE

Uy = 6UUye + oy = &R IU] (2.1
where it is assumed that
w—=0, RIuW]—0 (1| —> =) (2.2)

?folution oﬁ one perturbed soliton is deseribed by the equations
2, 4, 7, 8

W, t) = Ug(Z,KE) + SU(,t),

ULS(E,K) - —Z,KZSG(‘,}'LZ’Z , == Kbc — E\U’-)] (2.3)
where

g’f‘ :-—E,A(K)’ %—g“:L{KL"‘EP) (2.4)

A(K):%K*%SechliRY\LJ ClZ: (2.5)

I

B(x) z‘ip &TZ sech’z +tanhz + J(Mkz“g) Riuddz (2.6)

—

As for the & W(x>t) , deseribing the modification of soliton
shape, we discuss here only its tail part 14, 7, 8] (in {81, in-
stead of tail, the term "shelf" ig used). It was found that ¥ Wlie,t)
transforms into almost flat tail behind the soliton at a few soli-
ton lengthes K* , and if we denote the height of the tail as
su? , one has [7]

Su = KZCQV(K)’ (2.7)
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o

Rk :2;% tonhz R (U] dz (2.8)

Consider now the perturbed NLS and SG equations

LU + S Uepe rjufU =eRLUl, (2.9,

U, rsiny =e K1v] (2.10)

which are related to the following eigenvalue problem

MLL]{ :C,£ (2.11)

A (L 0ND /o0 U
A :L(o —1)9x *(-u O ) (2.12)
and U(x,t) in (2,10) is connected with W (x,t) as

v
U(x, t) = é—ai{ (2.13)

To the same eigenvalue problem the modified KAVE is related., Ho-
wever,it is not considered here, because for real u(c;t)the results
are very similar as those for KAVE, and for complex u(x,t) the
physical applications are rather obscure.

Single soliton solutions of the unperturbed NLSE and SGE are des-
cribed by u(x,t) having the form

Us(z,4) =29sech 2 exp{(Y(z,4)] (2.14)
2 =2v(x-5t) , Y(z,1t)= /\)i,} . o8 (2.15)
and T—a[uﬂ has only one eigenvalue of discrete spectrum in the
upper half-plane
6 =M+ (2.16)
For SGE, W _(z,t) is real, i.e. in one have to assume
=0, ¥ =o0,w (2.17)

Then from (2.14) and (2.13) one has
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. o=4
V(2) = 20 sit'(tanhz) + 7 (2.18)

=e'® =24, ==x1 (2.19)

If & # 0, all soliton parameters, » , v , t and Y change
with time according to [1-3, 7-9]

%=€NW] , %=5M[M], (2.20)
% = Imh(8) + & 2 (4]

Iy 1€ (2.21)
Tt = 2# T tReh(2) + e Blu]

where

h(ﬁ) =-2£*% (NLSE) (2.22)
h(C) = (&C)—L (s6) (2.23)
N[u] = % S%&#‘%ﬂ émz’{)dz (2.24)
MU - 41| BRI K0
—lu] - yren Rtg ioRsT[i @ & HEBY L s
D[\ﬂ = Img iwz-hf;nhz R[us(*ﬂé(wg'{)afz}(&z?)

At ¢ = O one obtains from here the well known equations for the
unperturbed solitons [16, 17].

gor 13? perturbed SGE these equations are reduced to the two fol-
ow
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% = 5= \seahz R{w) dz (2.28)
gﬁ% - z,%z * g\fl\zseck%mv]d% (2.29)

(see also [18]).

For the perturbed equations one should add to U(x,+) a variation
of soliton shape & U(%,t) which has been investigated in the
above mentioned papers [1-10]. We do not consider it here because
in all cases under discussion it gives no important for our prob-
lem physical effects.

3. MULTI-SOLITON SYSTEM OF THE PERTURBED KAVE.
OSCILLATORY SHOCK WAVES

Congider, first, a two-soliton system governed by (2.1). From
(2.5) we observe that a characteristic perturbation time scale fy
for a single soliton is defined by

e

-4 -4 & 2
~ —=\sec Us)] d &
Here to =3 is the unperturbed soliton time scale. It is 2

time inferval during which an unperturbed soliton passes a distan-
ce ~ K— 3

If one has two solitons with significantly different amplitudes
(TR=K~ K~ Ky ), the time of passing of the fastest soliton
through the slowest one is of the order of t. . As far asts<<te
(ts/tp is the main parameter of the perturbation theory (4, 71),
soliton interaction during the overlapping process has no impor-
tant interference with effects of external perturbation. However,
such interference may be significant 1f &K << K,, . That is why
here we cdnsider only this case. The perturbatlon theory based on
the ISM requires calculation of some matrix elements contalning
the two-soliton solutions., This is very difficult to realize, es-
pecially for emall §K , the most important case.

However, in this case there exists another, much simple, way based
on the observation by Zabusky and Kruskal {19] end analysis by Lax
[20]. They have shown that two-soliton solution of the unperturbed
KAVE at K << K,z can be approximately presented as superposi-
tion of two single solitons with slowly varying amplitudes. These
golitons, f}zft. draw together, up to some minimal distance of the
order of K; {04|K /K, -¥,| , and then slowly diverge. A simpli-
fied perturbational approach based on this picture was developed
in [21] where some interesting results were obtained. We use here
a different method [11] which gives possibility to take into acco-
unt, in a simple way, effects have not been considered in [21],
such as soliton talls and corrections to soliton velocities, which
are important for applications considered below.
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Consider a chain of solitons, centered at S,L (nn =1, ....N ),
and assume £, > L,.44 .

T = Bu= By PK, Pr= Ka— K (<< Ky (3u1)

and let us look for & solution of eq. (2.1) of the form

wizt) = ) [ U +5uUS] (3.2)
()

where W. are written in (2,3), s U deseribe "tails", and
goliton parameters K = K.(t) and £ = £.(4) should satisfv
eqs. (2.4)-(2,6) where e R{u,] is replaced by

&R[M_SVL] +6 733?5 ( uSVL ULS(,\M)> +6 a)—i: (us(u_” usn)'f
n-4
+ 6 8iZ=_f K ‘i/(Ki) a—a; (asn)

The first term here describes the extermal perturbation (e.g., dis-
aipation), second and third terms describe interaction of the N -th
goliton with its neighbours, and the last term appears due to the
influence of tails of n—41 first solitons on the wn -th soliton.
If, in addition,

| Kw — l(n_i\'z/"_ << j_, K, tw 1 (3.3)
then equations describing evolution of soliton system take a form

11, 12]

dKm /dt =~64Kl.;_i@)CP<-2.KM-L?m-4)+6HI<£L<°J)CP(-2,Km“(m) ~eAn, G0
dRy /b= ~bH Ky E2P(-2Ky_y Tyot) = £ Ay (3.5)
dgi/d{--‘zll(f' “i_éK:@CP(—Z.K,l'Q) - &%,1_, (3.6)

d Em [dt = 410 120 ORP(-2K s Tmos) =

m-4 ) (3.7)
—|bK§,\€’ﬂCP<-ZKm7m).—£_£6&cIAKL -eB,
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2 2
N-4
N 2_
_ 2&65% Ko - eBy
L:

where A(k) , B(k) and q(K) are defined in (2.5), (2.6), and
(2.8)’ and m = 2, 3’ seoy N'—/,L .

(3.8)

At ¢ =0and N = 2 we come, in particular, to equations for two
interacting solitons which leads to the same results as two-soli-
ton solution of the unperturbed KAVE (details are given in [11]).

Consider now under which conditions the soliton system might be
stationary. For that one should require

dkn _ d En _
=0 I -V (3.9)

where \A is a common velocity of the system. Applying (3.9) to
N =1, 2, eesy N-4  and using (3.4)-(3.8), we obtain

4, a_g A,

L

‘zm __2 = (3.10)
1\ o K7

16 K5, Z

However, one sees that
dy /dt +0 , d&y/dt #V

for any eR T W] . Therefore there does not exist such external
perturbation (with small ¢ ) which could provide a stationary
state of KAV solitons for N> 2 . However, at large N , condi~
tions (3.10) and (3.11) define a quasistationary state of soliton
gystem with the time-life increasing with N . Indeed, let condi-
tions (3.10) and (3,11) to be hold for n =1, 2, «ee, N—1 , at
gome t=1t,, Then for + >+, the system would decay because they
are not satisfied for w =N . However, the decay is the slower,
the larger N .

The system might be stationary if, apart of external perturbation
g R LW s there exists some other external force which compen-
sates a tendency to the decay. Such situation is realized in a sta-

t+ionary shock wave, where a piston moving with constant velocity
plays & role of the external force. Thus, one comes to'conclusion
that soliton system satisfying the conditions (3.,9)-(3:;11) may form
a front part of a stationary shock described by (2,1), Let us elu-
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cidate some relations describing a structure of such shock [12].

From eq. d&, /dt =V , with V' as a shock velocity, one has
for the front soliton in the shock
12 eA £ B
K o= 4 ( + EAL 4.) (3.12)
1=V 1 2vz 2V

The amplitudes of subsequent solitons and distances between them
are defined by eqs. (3.10) and (3.11). If the external perturbati~
on such that

£ \sed{'z R[us(éﬂdz >0, &ol/ <0 (3.13)

(this is assumed throughout this section), then all PW\>i) (1.0,

KW\—'KM+L >0 )o

Now define the shock profile as VU (=¢,+) = - W(x,t) . Then soli-
ton peaks correspond to the maxima v, , and

_ o _ 2EAm-t 2 )
u’m VM"L -~ -Z'K_;_—Z +2£q/m_4_ KW\"L < O (3 14)

Eqs. (3.10)=(3.14) give a complete description of the front part
%f the1§hock which may be considered as a sequence of solitons
Fig. o

V) "
|
V4 |
| |
I
I
| |
5 , L -
T, X
Figure 1

A Profile of the Oscillatory Shock Wave

Conditions of applicabllity of obtained relations are

2¥, >4 \gch\ << 4 (3.15)
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which are necessary for applicabllity of our approach. They are
violated in the back part of the shock where pulsation amplitudes
are small, This part can be investigated from different point of
view, By putting into (2.1)

W =—VU(x—V+)

we have o=
Ve (%) + 3V () ~ V U(e) = & S RI-ve)]d=!

1Vt
At x> -°o= one obtains

V(ee=) = £V = %\P\{u(x] (3.16)

[ —

In the back part of the shock, the difference U (x)— V(=) des-
cribes small oscillations which should damp at ¢ —> —v= . con-
dition of the damping, and a convergence of the integral in (3 16)
put some restrictions on the external perturbation R [u], necessa-
ry for the existence of the shock. A more detailed analysis of con-
ditions of the existence of the shock is given in [11] (see also
references therein).

As a'simplest and important example, consider the KdV-B equation

(iees R =¢3%3%* £>0 ). Then from the above written we have
7, == (2 m-i &%[(Ki/mi)q—i/aqo] (3.17)
Pn’k’«é/g, , Kuag == Ky -née/f2 (3.18)
Vned = Vi - SFE= (K - ———) (3.19)

From (3.18) ana (3.19) one sees that a number of solitons in the
shock is of the order of K, /¢ « In particular, at m =¥, /2¢
we have

-4
Km/K 22 0475, T, = 236K 5 Uk = 136K, (3.20)

It is interesting to note that Um in (3.20) is very close to the
limit value V(--) from (3.16), which is

V(= o=)= 1,33k

4, A TWO-SOLITON SYSTEM OF THE NLSE |13, 14:\

Following the method outlined in the previous section we look for
the solution of eq. (2,9) in the form

U(oe, 4) = Ug0e,d) + Up (X, 4) (4.1)

where
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U, (,t) = z\)“sech[?.\)n(oc-;K)]@tpﬁpyuu(x—gn)+(‘?u] (4.2)

and it is assumed that Va = Y (d) and Ma =M. (£) , together with
E.(Y) and 5, (+) are slow functions of time ( n = 1, 2),

Suppose, first, that & = 0, Then, to define the unknown functi-
ons, we have to solve eqs, (2.20)-(2.22) and (2,24)-(2.27), where,
instead of £¢R{u] , the following expression should be taken

€ R L) = (W S ~2 U, U UN) (4.3)

m,n =1, 2, M#*WnN , (4,3) describes action of the m -th
soliton on the vL -th one due to their overlapping. After calcula-
ting the corresponding integrals, one has

g{i =(—i)n16vq"é”tcos(z/«z +Y), (4.4)
40 = (L4)'16V°E Tsin(zmr+ 1), (4.5)
%—i—“— = 2 + 4V ém’sm(z/w 1), (4.6)
A =2 e sin 3 ) (4.7
+24yr&tcos(2MT+Y)
with the notations
%:éi"gl R /\l":gdz_—g‘,l7 (4.8)

V= F0ueN), A= () (4.

and it is assumed that 7> O , and, also,
|fa—pMa| << M| V= Ve <<V, Ve >4 (4.10)

IVa- Yl << 4. (4.11)

As it will be seen from the solution obtained below, the conditi-
ons (4,10) are necessary in order to soliton parameters change
slowly. Condition (4.11§ ies introduced to simplify computations.
It is not an essential restriction, because terms describing soli-
ton interaction may be neglected at the distances 7 2,lv4*~%j-i

Let us, also, define
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P=Va—Vi, § =M, Y =g +ip. (4.12)

Then it is possible to show that eqs. (4.4)-(4.7) have the follo-
wing constants of motion

M = const Vv = const (4.13)

7

Y* - iév‘é?‘vze/np[i(z/wt +r+ﬂ = A", (4.14)

where /\ ig 8 complex constant. Using this relations one can de-
duce from (4.4)-(4.7) the equation

g%_ —29({1 ~A) =0 (4.15)

which has the solution

\{ =- A\ tanh (PNA{ —oly —iota) (4.16)
where oL, and &, are real constants. Introducing the notation
A =m+in (4.17)

and calculating real and imaginary parts of (4.16), one has

) = - sinh(iwmt -2d9) - n sin (4ynt -24,) (4.18)
g = cosh (4vmt-24,) + cos (4vnt -2d,) '

)= - N sinh(4ymt -24) + m st (§ynt -24,)
P = cosh(yymt ~2d4) + cos(Uvnt ~24,)

(4.19)

From eqs. (4.4)-(4.7) one can deduce, also,

3{_ =-2¢,, % :Z((\)P +/4.(q/) (4.20)

Integration gives

cosh(uvmt —2+44) + cos (hynt -24,)

(4.21)
coshad, + c0s2d,

Y@ -(0) = —2%@0%
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Y (4) Vo) =— ajtajé[’cank(zv mt-o 4){“”‘ (2nt - f&)] N
+2{a,vli<{ahha(i anoLl> —g/u('z ._7(0)>. (4.22)

Before an examination of these equations we point out that, accor-
ding to direct calculations performed in {14] under conditions
(4.70) and (4.11), the eigenvalues of L[ul~ |, corresponding to
(4.1) and (4.2), have the form

— —_ ‘ - I (0 )
Cm.‘/q +% +L(\)+ g) 4.2

We stress that this expression has been obtalined without use the
equations of motion and, therefore, it is valid for £ £ 0, as well
as for & = O, However, in the last case it dependes only on cons-
tans of motion, in accordance with ISM. Consider now three cases.

(1) m £ o, Without loss of generality one can assume that o= O,
Then from (4.,14) it follows

16V 2
(o) = Ziv 80?(7(2:‘;@:“ cos °‘L) (4.24)

Y(o) = Qfaié(n/m) ~ 2 4%(0) (4.25)

We see, also, that for t — feo

cl/——eim,P——»iVL,Z—?w (4.26)
Thus, in this case solitons are brought together from infinity up
to some minimal distance Twmin ~ T(0) and after they diverge,

i,e, the case under consideration corresponds to collision of two
unbounded solitons, and for + — to= one has

v1(?°°)=\5¥ niz /”4(:00) = Mzmf2
V(o) =vEnfz , M) =prmiz

These relations, together with (4.23), are in complete agreement

with the exact two-soliton solution of NLSE, Defining asymptotic
values att —>t o=

) = L (), Y YY),

(4.27)

one has

2
L) = % KOCJ nfl’ oz (4.28)
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Yo )+ Y- =4 Jta;{i(n/m) —,g‘;- Kog n:/j:m’- (4.29)

These relations define position and phase shifts of solitons at
t —>*o= caused by their interaction. They coincide with those

following from the ISM [16] if

mon <<v, [dy) < -4&‘— (4.30)

It is easy to see that conditions (4.30) provide fulfilment of
(4.10) and (4.11). Therefore we conclude that, within the scope of-
our approximations, our results are in full agreement with the ISM,
Plots of relative soliton velocity at WL # O are shown in the

FPig. 2, One can see that soliton approach and divergence have an
oscillatory character.

——{f

Figure 2
Plots of ({/n)7 for m £ 0 (&y = 0, «, = 0.25)

(i1) m =0, v. # O, In this case, without loss of generality
one can put o, = O, Then eqs. (4,18), (4.19), (4.21) and (4.225
give



V.I. Karpman and V. V. Solov’ev [ A perturbation theory for soliton systems 155

g =n G%L?L(LZ?-?/CJ?S—(WVLH (4.31)
Pt =n cos;io?fti’;{:(l/vnt) (4.32)
() = z% fo%{—‘%—l [COSh 24, + cos (""”JC)J} (4.33)
YW 21 = 2 tant [{m(avnf) toh o | (4.34)

i.e, relative soliton velocities, their phases and distances bet-
ween them, osclillate with the period

T= _23% (4.35)
and
veoshd ol
’lwwn=’4y_0 /i——v——i‘, Zmnz—%—&j [Nsyrh i\' (4.36)

Therefore at m = 0, i,e. Re €y =Re s s we obtain a bound soli-
ton system, again in accordance with the ISM, However, the case
consldered here is different from breathers which are usually ex-
tracted from the general two-soliton solution of the NLSE, because
we have not a one "breathing" pulse but two oscillating solitons,

(111) M =0, N = (i.e._A_ =-0), This case corresponds to de-

generate eigenvalue: C., « To analyse it by our approach
we solve eq. (4.15) at A_ 0 to obtain

Y = -[ev(e- ]

where oL 1s an integration constant which mey be considered as
real, but o £ 0, Calculating p and q we have

Q) = “Aav(t) f P({)=—¢[zv({1+&)}-i (4.37)

Prom that it follows



156 V.I. Karpman and V.V. Solov’ev [ A perturbation theory for soliton systems

=4 &%[gvl({zh@)“q (4.38)

'me%ﬂo?(zzv%a) (4.39)

e = 2t (1) = (0) bog [y (3 ) (4.40)

Therefore, in this case solitons move monotonically from 7 =o=
to Twmin and then diverge, and the distance between them varies

asbytl

In a similar way one can consider a two-soliton system under exter-
nal perturbation. For that one have to add to (4.3) the term

R [W] describing an external perturbation. This results in ad-
ding to the r.h, sides of eqs. (4.4)-(4.7) additional terms:
eMLun] y ENTWL] , ey un)  , and & DL Un] which are de-
fined by (2.24)-(2.27). The equations obtained in such a way are
investigated in [13, 14] and will be published elsewhere. Here we
only mention the following consequences, Quantities « , y , " ,
and ", are no more constants of motion. Therefore, the eigenvalu-
es of L. , which are still expressed by (4.23), also change in
time, If an external perturbation is such that dw/d+ #0 , the
bound soliton state may be destroyed.

If perturbation is so that the period (4.35) is much less than per—

turbation time +, , One cean average over the oscillation period
of bound system, and if
dm /dt =0 (4.41)

then the bound state may be considered as conserving untill the
averaging procedure is Justified. In many cases, however (examples
are given in {13, 14] ), dn/dt <0 , along with (4.41). Due
to that n decreases and, at appropriately small . , the peri-
od (4.35) becomes to be comparable to t; , and, so, the adiabati-
city condition breaks, and averaging has no more meaning. In gene-
ral, this is the end of the existence of bound soliton system. Phe-
?omfna of such type have been observed in numerical simulations
221.

5. TWO-SOLITON SYSTEM OF THE PERTURBED SGE

As in previous cases we look for the solutions of the perturbed
SGE in the form

Wix,t) = Vy(x,t) + V(1) (5.1)

where

U (e, t) = 2.6 eiv{“ca/nhzn T (5.2)
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o=z fo =21, 2a=20a@)x 0] (n=1,2), and
Vulb) v E(t) are slow functions of + . At @G, = 1 we have
kink-kink system, and at G;G; = -1 it is kink-antikink, We can
algo consider them as two-soliton systems, because to each ‘V(ac,t)
corresponds quantity W (x¢,t) , defined by (2.13), which has a
soliton form, It is important, however, that often perturbation
terms depend on 2 and, therefore’. addlitional constants x‘;L:K“ are
significant,

To obtain equations for Vo (t) and £, () we use (2.28) and (2.29)
with the following change

eRIu] — e, R, +eR[u] (5.3)
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Here &4; R”_ describes soliton interaction due to overlapping and

eRIW) in the r.h.s. of (5.3) corresponds to external perturbatio
It is easy to find

£.Ry, =—4G, seduzifmkzisechlfl - -
— 4G sech z,tamh 2, 56z .

As before, we introduce the notations

hL = 24‘ gz_ ) V= —é‘_(\)/\*‘vL)) P: 07__\)1 (505)
and assume
|P\<<\)7 v >4, Iple ce 1 (5.6)

Then the basic equations take the form

o=

ji&, = [{ﬁ 0;_(—1)"'6‘2914_ %/-—G;‘Jsed'l_inkhﬂdiw , (5.7)

oo
oc

jin :z/_iv"i N 0’«»0:1 é“ﬂﬁq%ﬁsahznmﬂa{aw (5.8)
n n

— o

N~
Tlﬁ:siigenvalues of LUQ » corresponding to (5.1) and (5.2), are

=0 % i_\l PZ +160;Zv1@xp(-&913 , (5.9)

o
where

Gy =105 (5.10)
From (5.7) and (5.8) it follows that at & =0

N
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V=V +V,)/2 =const (5.11)
de [dt = p/2v? (5.12)
dp/dt =3¢, €7 (5.13)

These equations have an integral of motion

pr + 166, V"

~29
7= const (5.14)

Exactly this quantity appears under the square root in (5,9) and
this ensures a constancy of eigenvalues, in agreement with the ISM,

From (5,14) one sees that solitons are repulsed (attracted) at
1077, = 1 (-1). A character of soliton motion is clear from the

F e 30

At G,L = -1, const <« O, soliton distance oscillates with amplitu-
de

| const |
20% L (5.15)

However, in this case the solution (5.1) is valid only in the vici-
nity of the turning point (and under the condition VZo¥>» 1),

because our approximation breaks at vz £ 1. From (5.9) one has
. =V
C, = t29E (G = -1) (5.16)
L=t 52" (G = (5.47)

where P(7)= 0 and 7. is maximum (minimum) distance between so-
litons at ‘G, = -1 ( G, = 1).

From (5.12)=(5.14) one has ( G, = 1)

) =4 &%{‘é 3 cosh(’é:zvf 2| JC)} (5.18)

_ 4 Ay, \

o N &%l (5.19)
pi) ) =1¢, - 2,| tan k('ggvf 2| Jc) (5.20)

Conditions vZ, >> 1 and P [V <<« 1 are realized at

16, -2 /v << 1 (5.21)



V.I. Karpman and V.V. Solov’ev | A perturbation theory for soliton systems 159

If one defines the asymptotics Y. ({) as
TH) —> (&) (t—>Ee=)

then

\)[ T, 4) + fz—(t)] = &@%‘—(;—‘%—é——\ (5.22)
i 2

It can be ghown that this equation is completely equivalent to the
relation between shifts of soliton positions due to their collisi-
on, which follows from the ISM,

Returning to the perturbed SGE we consider the DSGE

’]}x{’ﬂ—SU’LV =—%—sin_% (5.23)

which have been already investigated in a number of papers (e.g.,
(23-26] and references therein). Eq. (5.23) is usually treated by
%ert?rbagic(m réle)ythods with A as a small parameter. Taking in
5.7) and (5.

eRIV] =- 2 sin ¥ | (5.24)

one has ( N =1, 2)

v n —29'C :
j{"- = (_i) [L{G:Le - %qu x\z_:| (5.25)
—29
ji“ —E e (5.26)

From (5.25) and (5.26) it follows that egqs. (5.11) and (5.12) are
still valid (as for A = 0). Instead of (5.13) one has

d -2V
z% =8, e" " — %:%E?X‘L (5.27)

From (5.27) and (5.12) an "energy" integral follows

L&PZ + U =E (5.28)

with "potential energy"
-2
’l/(('l) = Vg, (8 c

We see that in the presence of perturbation u.(z) has an extre-~
mum in the point Tm

v
t-f- )\X4XL\)Z> (5.29)
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Tm = 3y /&O?f?\wx (5.30)
U () = Gél vz(iJf@Oﬁ A/\é.) (5.31)

(Here and below is assumed )% =1, A > 0). A plot of q/((i) is
shown in Fig. 3., One sees that, at @, = 1, perturbation leads to
bound states of solitons which are impossible at A = 0, At

01z = -1, the perturbation only results in some modification of
breathers and in diminishing of a2 region of their existence.

Mo

Figure 3 —2VT
Potential Energy of Solitons /M(’L)—‘—\)LO?L@e ~+ )\\)t)

a) @, =1, b) G, = -1, Dotted Lines Correspond
to et A =0

A difference between these cases is also in eigenvalues of (2.11).

(It is naturally, that at A £ O, the eigenvalues depend on

1=7(+) ). In particular, at the turning pointes % =7 , where.
PE) =0, Uz)=E , (T=7,% ),

. N ron e
¢, =0 =2000, € (5.32)
’d
We see that at Gy, = 1 elgenvalues are purely imaginary in the all
region between the turning points 7.« T =< Z, « At Gy, = =1 one

should distinguish two regions., For 7 < %z, the eigenvalues are com-
plex with opposite signs of the real part. At some Z > Tm +the real
part of <£,, vanishes, 1.e. the system decays into two diverging
solitons (see algo the end of the paper).
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In the equilibrium points, . =7 m s the gystem is described by
stationary solutions of eq. (5. 23) which have the form

Ny, = 2G st fmk{zv[f (g + Z—"i)}} +
e " (5.33)
Tag s W{ZOP&—(E* %)]}Jr () +31),
where, according to (5.26) and (5.30)

(g < )___ b G gPEa_ L (ij;%g;l)‘ (5.34)

HE 3T AV

(5.33) may be considered as soliton-like sclution of the eq.(5.23)
satisfying the boundary conditions

%%— — 0 (= o=),
Up(o=) = Vn(oo) = 4r@ (G, = i),
Vi (=) —Un(-=) = 0 (G, =-4),

However, at G, = 1 the soliton (5.33) is stable and at (7, = -1,
it is unstable.

It is interesting to note that if one looks for an exact stationa-
ry solution of eq. (5.23) in the form (5.33), with ¥ = const,
Tw = const, then for ‘z.. one obtains

cosk(zv Tm) = + @

12

3
(5.35)
Ka% 2
In the first order of A/& , its solution gives (5.30). As for &
one obtains for it exactly (5.34). It is important that even for

A = 1,it is a good agreement of our approximate expressions with
the exact ones,

The case Gh_— 1 corresponds to conditions considered in [25] and
G, = =1 to [23, 24, 26], where similar results have been obtai-
ned by different approach.

And, finally, we present solutions of DSGE which are close to sta~
tionary ones (their derivations are given in [15]).

At (.= 1 (kink~-kink), the solution corresponding to harmonic os-

cillations of solitons near the equilibrium point & — .. can be
written as

- RYER: —
¢ =~ 46, Jcmi{%je ¢ )sink[ZV(x—g)& +z:ﬁ'()/~1’(5.36)
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where

S, 4) = AV aws&t|x - 3] + vasin2t (5.37)
g(’f)"ﬂi\r(i +TI~ 200 & 5” at &? cosﬂhgo (5.38)

Here a and & are amplitude and frequency of soliton oscilla-
tions

T = T = asindt Q = %\@ : (5.39)

and it is supposed aV << 1, At & = 0 formula (5.36) reduces to
the statlonary solution discussed above.

At Gz = ~1 (kink-antikink), we have a solution describing a stab-
le breather

. vL
_ Al (L~ 760 - 7=
¥ =-46; tan \; ”F(x){) L\ v2qpy,  (5.40)

where

G(x4) = cos[2(= +V )]
- M -
F (2, ) = £Lcoshf2v(x V{ﬂ (5.41)
4
V =)
This solution corresponds to solitons oscillating in the potential

well (Fig. 3b), and parameter % 1is expressed through the turning
point *t4 Dby

—Yy

M= e/xp[\) T~ U] =2VE (5.42)

In derivation of (5.40) it was assumed A << 1, From (5.42) we
see that at %, =7

SN

'YlmLm: > (5.43)

In this case X\ /l,"rl = 1 and (5.40) takes a form

= - 40 {M{ Sec‘,"u[Z\)(Dc E)]} t 274 (5.44)
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It is easy to check that (5.44) is exactly equivalent to the sta-
tionary solution (5.33) at G;, = -1, as it should be.

In the opposite case

A ,
A2 ] , (5.45)

the ‘solution (5.,40) is very close to the unperturbed breather of
SGE,

Consider now solutions corresponding to the case when distance
between the kink end antikink % > %7, . Then from (5.9) one has

44,L(Z> =0 i&\)‘leﬂwz

\ 12
= (- ’lzﬂ (5.46)

If one introduces "a criticel distance" 7.

8 ‘ZQZL

Tr = 2, *55- € , (5.47)

then
Re Ly + 0 (T ¢7<Tar)

Re'é@l =0 (ZZZCr)

In the point 7 = Cer the system decays into two independent di-
verging solitons, At T >> T , evolution of them may be des=-
cribed by egs. (5.25) and (5.26) where terms with exp(-.2yz) are
neglected, i.e.

dV /A dEa 4
Tt =CH 7o 41 AN

These results are in good sgreement with the numerical analysis
given in [24, 26].

(5.48)
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